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SUKMKY
This thesis is concerned with'the estimation of 
the effects of an external "boundary on some dynamical 
system of continuum mechanics which have previously 
been analysed for infinite media. The problems 
considered are:-
(i) The forced torsional oscillations of a rigid 
spheroidal inclusion in a bounded axisymmetric 
elastic solid.
(ii) The diffraction of torsional stress waves 
travelling along the axis;of en infinite elastic 
cylinder by a) a fixed rigid inclusion and b) a 
penny shaped crack.
(iii) The diffraction of harmonic sound waves in 
a circular tube by a) a soft spheroidal obstacle and 
b) a rigid disc.
(iv) The steady swirling flow of an inviscid 
fluid past a rigid spheroidal body in a coaxial tube
(y) The forced torsional oscillations of a) a 
rigid sphere and b) a rigid disc in an axisymmetric 
container of viscous fluid.
These are particular examples of a general class 
of boundary value problems for the reduced wave 
equations which may be formulated by means of Green* s 
theorem and appropriate Green*s functions as Predholm 
integral equations of the first kind. By perturbing 
on the static solution low frequency" approximations 
for quantities of physical interest exhibiting
explicitly the first order effects of the external 
■boundaries are obtained. The advantage of this 
procedure is that it may be used in a large variety 
of situations where the geometry of the problem 
prohibits the use of exact processes such as the 
method of separation of variables. Integral equation 
formulations may also facilitate the use of a direct 
boundary perturbation on the infinite medium solution; 
this technique is used here in a few particular examples.
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CHAPTER ONE
INTRODUCTION.;
This thesis is concerned with the estimation 
of the effects of external boundaries to some 
dynamical systems of continuum mechanics which have 
previously been analysed for infinite media. All 
the systems considered here may be studied via one 
of two canonical boundary value problems for the 
scalar Helmholtz equation in the region which is 
exterior to a surf ace $  and interior to a surfaceS 
When the surfaces S and Sa are geometrically similar 
and the physical system posseses some degree of 
symmetry the problem may often be solved by the 
classical method of separation of variables, e.g. 
the Dirichlet problem for the annular region between 
two coaxial cylinders. However?.whenihe surfaces 
are such that their natural coordinate systems are 
different, as in the case ensphere situated inside 
a circular cylinder, this method fails and exact 
solutions are usually not available. Thus, the 
approximate solution of some problems of the latter 
class is the subject of interest here.
It is desirable to formulate the problems in 
such a way that we may compute approximate values of 
quantities of physical interest, exhibiting explicitly 
the effects of the exterior surface 2*. The most 
powerful formulations for such a study are probably 
those in terms of integral equations. By starting 
from a Greenes type representation for the unknown 
field, boundary value problems of the type considered
here may often he reduced to the solution 6$ Fredholm 
integral equations of the first kind. In some 
special cases Williams D3 has described the reduction 
of such equations to non-singular Fredholm integral 
equations of the second kind, the' advantage of these 
being that often a) they are suitable for rapid 
iterative solution or b) they provide a good starting 
point for numerical analysis, c.f. Fox and Goodwin £*3 
One alternative to this process Is to seek directly 
an approximate solution of the governing equation of 
the firstkind;in most cases this is very difficult 
but for Helmholtz’s equation for low frequency 
excitations we may construct perturbation series in 
powers of the wave number for a much wider class of 
geometries than in D3  . This type of approximation 
was first used by Rayleigh in his work on sound wave 
scattering. •
In chapter two we derive Green* s representations 
for the solution of two canonical boundary value 
problems for the reduced wave equation. In the first 
problem the boundary condition on the inner surface 
is of the Birichlet type and in the second it takes 
the Neumann form. For the Dirichlet case it is 
shown that the solution is complete provided that we 
can find a source density function which is the 
solution of a Fredholm integral equation of the first 
kind. For the Neumann problem the governing relation 
is an integro-differential equation which in some
cases may be reduced to a pure integral equation; 
one such case is described in detail. We then
proceed to discuss the low frequency perturbation
approximation for the solution to the governing
integral equations. It is found that the determination
of the coefficients in the power series expansion for
the source density is equivalent to a system of
electrostatic problems, namely, the computation of
the charge density necessary to raise a body the
same shape as S  to a prescribed potential in free
space. The method is therefore applicable to any
system having an inne.r surface Si for which the exact
solution to the latter class of potential problems
is known and an exterior surfaced for which we can
find an appropriate Green’s function. In the
present study we consider axisymmetric configurations,
such as a spheroid inside a finite coaxial circular
cylinder but in principle non-axisymmetric problems
such as those involving general ellipsoids may also
be treated by the same method. Shail has
considered an axisymmetric problem in Magnetohydro-
dynamics using this technique.
To obtain a complete description of the effect 
of the exterior boundary on any particular system it 
is desirable to find an approximation which is valid 
for larger values of the wave number. When the exact 
solution to the infinite medium problem takes a 
simple form if is sometimes possible to make a 
’’boundary perturbation” on the result; chapter two 
concludes.with a description of this approximation.
The remainder of this thesis describes a number.
of applications of the general results of chapter
*
two. These are diverse in their physical nature and 
therefore it has been necessary to give a full 
introduction to each chapter providing a review of 
previous author* s work and deriving the various 
boundary value problems from the basic equations of 
motion and constitutive relations for the medium 
involved. It remains to give here a brief survey of 
the problems considered.
In chapter three we consider the torsional 
vibrations of an isotropic elastic medium within the 
framework of classical elastodynamics. The main 
theme is the torsional motion of a bounded elastic 
solid excited by the forced oscillations of a 
axisymmetric rigid inclusion? here we calculate 
approximations for the stress couple on a spheroidal 
radiator oscillating in an elastic stratum, an 
infinite cylinder and a finite cylinder. The low 
frequency perturbation analysis is then used to 
calculate the scattering'coefficient for a rigid 
spheroidal inclusion and a penny shaped crack in an 
infinite cylinder. The chapter concludes with a 
discussion on the torsional vibrations of a perfectly 
conducting elastic material in the presence of an 
axial magnetic field.
Chapter four is concerned with some axisymmetric 
acoustic diffraction problems. We consider the
scattering of a sound wave by a sound soft spheroid 
situated in a coaxial circular tube; approximations 
for the scattering coefficient and the amplitudes 
of the scattered waves are given. We also treat the 
corresponding problem for a rigid disc; as yet the 
general sound hard spheroid has not been considered 
as this problem is governed by an integro-differential 
equation which is difficult to reduce to a pure 
Fredholm integral equation of the first kind. The 
chapter concludes with a computation of the radiation 
impedance for a rigid disc performing low frequency 
harmonic oscillations along the axis of a coaxial 
tube.
The final chapter of the thesis is devoted to 
two applications in fluid dynamics*. The first is 
the axisymmetric swirling flow of a perfect fluid 
past a rigid spheroidal obstacle in an infinitely 
long pipe; calculations for the wave drag and the 
amplitudes of the lee waves are made under the 
assumption that there are no waves upstream of the 
obstacle. Finally we consider the small amplitude 
torsional oscillations of an axisymmetric rigid body 
in a container of viscous fluid; the particular case 
of a spherical oscillator is analysed by the boundary 
perturbation method and the problem for the disc 
shaped oscillator is reduced to the solution of a 
Fredholm integral equation of the second kind by the 
method of Williams c a .  Some numerical results
obtained from this last equation are given in a few 
special cases.
The computation of various Green’s functions 
required in the main text is carried out in Appendix 
A. In Appendix B a special result required in 
chapter five is derived and in Appendix C we give a 
description of a computtr programme for the numerical 
solution 6'!? Fredholm integral /equations with non- 
singular complex valued kernels by the method of Fox 
and Goodwin . This programme was developed by 
the author to find some numerical results for 
comparison, with perturbation solutions derived in 
chapter three and was subsequently used for the 
calculations in chapter five.
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CHARIER TWO
GENERAL FORMULATION OF THE BOUNDARY YA1UE PROBLEMS IN
TERMS OF INTEGRAL EQUATIONS AND DESCRIPTION OF APPROXIMATE 
METHODS OF SOLUTION.
(2.1) DERIVATION OF TEE HfTBGRAL REPRESENTATIONS FOR TEE
DIRICHLEO? PROBLEM
In this chapter we consider the formulation of 
two canonical boundary value problems for the reduced 
wave equation. Integral representations involving 
Green!s functions are derived for the solution of 
Helmholtzfs equation in the region between a closed 
surface S  and an exterior boundary 2* , In this
section we suppose that the boundary conditions on S  
are of the Hirichlet type and it is shown that the 
solution is governed by a Fredholm integral equation 
of the first kind. In Jj (202) the corresponding 
problem for leumann conditions on S is considered 
and it is found that the solution is governed by an 
integro-differential equation. We show that under 
certain circumstances this equation m y  be reduced to 
a Fredholm integral equation of the first kind* : .
In §(2.3) and |(2«4) two perturbation methods for 
obtaining approximate solutions of the integral 
equations are described.
We require the solution of the scalar Helmholtz 
equation
. ( y *  -5- ci1 ) ur =  o
which is .^finite" everywhere in the region i bounded 
externally by a surface 2> and internally by a 
surface :S * We suppose that the boundary condition 
prescribed on the surface S is of the Hirichlet type
and may be written in the form
urlS') ~,■?(!>«) f (re $)
The Green*s function G ( t ; r 9  for the problem is 
chosen to satisfy
( y  %■ &  ( y y )  -
and have ■boundary ooaditions on 2  such that
S -  fr f  1 2  n O
I Sn' Sw‘ 5
J2  
a
where denotes differentiation along the normal
directed in to the region Y  and A 2  is an element of
surface area. In all practical applications considered
in chapters 3*4 <=nd 5 we have chosen Gr to satisfy the
same conditions as ^  on S' and it is found that this
automatically fulfils (2.1e4)0 If 2  has some part at
infinity a radiation condition mast be applied to both
Q  and UT | if all 2, is finite then in the limit
as ' x$ mist exhibit the appropriate radiation
condition. In all time harmonic problems considered
i«ot
in this work a time dependence of the form B  is
assumed; thus to obtain outgoing waves at large 
distances from the source point we set
s b  *1- ■ Q ,  i ) 9
ix-r'l
(2.1.2)
(2 .1 .3 )
(2.1.4)
where is finite in the limit X* « In
applications to viscous fluid motion ^  has a negative 
imaginary part and the above choice of the exponential 
in Q  ensures damping as ..IX-f'l-frw.
Applying Green*s second identity to the 
region /T we obtain the representation
w ( x > -  - 1  I .5 - -f A S ' , f r e T )
M?
A second application of this theorem to the region
'■'! interior to ^ with T  & T  and If. €■ Y  yields
£ Bi T Is' _ [ Q  If  iS' -
aw aw
Combining the result with (2.1.5)-.we obtain
where
Q C t j t )  C7(S:';ct)AS
Otex!) (v'+oi )-f d f  
r* (xgv ^
- £  t s r s g
The boundary condition (9L#1 #2). now gives a Fredholm 
integral equation of the first kind for the determination 
of CT , namely .
FCr;,-) = Gr Cl) T ‘) C - C F ; * )  AS', C r e S )  ,
(2.1.5)
(2.1.6)
(2.1.7)
(2.1.8)
where Ffx>oO * ~~
IT v
*f fa')*
i &
An important example of the surface S which will 
be considered is . the disc (xr: O , where
are cylindrical coordinates. In this case 
equation (2.1.6) is nugatory and (2.1.5) may be rewritten 
in the form
*4Tr#'1 auM ^ 7'nHi'w(x> =. -i
^  s
4. -s*
(fir
d yo
Q ( ^ s U ; / v ^ o i w W  aw L o #
(2-,^ 9)
where Q  $ W )  5 Q  fe;t9
and -p 2.;«) = -f (f,<)
Since is continuous across the plane
1■*=«> w i t h ^ S ^ ,  on l - »  and^, S ~£- on:
2L — O*" the second integral vanishes identically and we 
are left with '
a(x)-
t|T
where [sL‘ ?L-1 ' 2vr]
The corresponding li'edholm integral equation of the first 
hind is
& f'5
O
)^idp A f , (2.1.11)
It is easy to see that this equation is a limiting 
case of (^Ul.8) providing we interpret CT and the 
surface integration appropriately.
(2.2) DERIVATION OF TEE INTEGRAL REPRESENTATIONS FOR HEUMITK
CONDITIONS OWS
The boundary condition (2.1.2) is replaced 
by the Neumann condition
30* « f'STv^ ) - (say) > CX
a n  3vV
(2.2d)
where is defined in the region T* interior
to S . The Greenfs function is defined
in the same way so that the corresponding result to
(2.1.5) is
"l-} = toS t i s ’’ ( I ' T ) '
and on applying Green* s theorem to the region *V 
with it is found that
(2.2.2)
A s '-
C- [M'loi) u ]  cLt R s s T). (2.2.3)
Combining these two results we obtain
W ( X > =
O t f * )  ^  IS' 4 .  f G r [ ( v ' W ) g l  i t
W  aT ?f
(Tc-T),
(2.2.4)
where ' C T C r i * ?  = ^  t W  (x) - g. ( t ^  ('££$)
the boundary condition (2,2.1) we obtain an integro- 
differential equation for the determination of 0“ s 
namely
7V)(^
When S is the disc (z~ o G to.O-) 
equation (2.2.3) is nugatory and (2.2,2) reduces to
jUrfcc)*
© v
<r(f>\4') I ( P'ty^'P.t (£e 7 )s
dZ fa-O
(2,2*6)
where <r{f, f )  ~ ± r ur^>!s.s0f ~
Applying the boundary condition to either side of the 
disc it is found that
p23Ta i- - £iZe© © SJ p't&pAf, frsg).. -32.*. 1.2;t: (2.2,7)
This equation may he reduced to a Fredholm integral 
equation of the first kind when Q* is a function 
of (z~zO for we may replace by and
formally interchange the order of differentiation and 
integration to obtain
$dZ. tit* r- -I***o ' 3 z U O' ^ H O ; p&iOsi?} s (p &LOy&Q.
Since, the integral under the operater -2. is a'single
layer potential satisfying Helmholtz s equation, we may
^  by + 1 -  A  —  , 4- a'
Z - O  9 i.e.
replace 'b -' -2. ot2* and set
* 3zr  ^ ^
ip a*
if we determine a function v/hich isV'
finite on the surface of the disc and satisfies the 
differential equation
( f 4-1 2 +1 f + «*) X "s l§ I >P^°A <pA2vl
K Y  pzf .f d f  1 d z l ^ o  r
then ;
^  r1
Ydf’s 'p 'A - I <? (f>A*> > f J , o )  f ' y ' & t i , (2.
6 o e t v 1!  $e-foair].
is a Fredholm integral equation of the first kind for the 
determination of CT. .. Clearly X  is n0^ unique and some 
further condition is required• It is well known ftom
scalar diffraction theory D J , W > E 5 ]  , that the solution
k
of the boundary value problem for -W vanishes as 
at the edge of the disc and it is this condition which 
ensures a unique solution for CT .
for SMaLh- wave . •
We shall consider approximate solutions of the •; 
equations (2.1.8), (2.1.11) and (2.2.8) when the "wavs 
number" fl*£ is a small real number.
Firstly, we assume that we may express the Greenfs 
function in terms of the fundamental solution in
free space of equation (2.1.3) i.e.
' ' (2.3.1)
Q£t;f? » e _   *
!tC-£'I ;
where €?,:(£■; £*) represents the effects due to the outer 
surface S  and is finite in the limit > T* . If we 
define the aspect ratio by
maximum distance between two points on jS
minimum distance between a point on 0  
and a point on ^
then it is clear that Qt is at least of Q(fi). Furthermore, 
if y6 is small and 0(h ), then we may formally express 
in the power series
Gr.feyt1) s. oc H, (r;£') 4* oz1 4  (2.3*2)
provided jlTl c 0 ( 0  > IX*I - 0(0. :
Expanding F C j T ; ^ ) C Vilu j ^ ) in & simil&r4 • manner,
i.e. '
substituing in (2*1*8)y integrating term by term and 
equating coefficients of powers of & C  we obtain
a—i i ii /v-. * * 1 '.-— T'f cLS>
e- ' -  cs') i 5t - A 4r) '■/d',' "
- I  ^  A S 1 , C r c - s O , ).
Ag lX-r‘1 (2.5.5)
'These equations are equivalent to a system of electrostatic
problems for determining the s-orface charge density CT:
«
5K©) / \
necessary to raise 5 to a potential (say) in
^  .
free space, d?he functions (J). ( depend
only on . Fj y .0^ -, ...^  ... etc, and ^ therefore 9
the CTj may be determined recursively using potential 
theory/fo,} i,e, ■
CT- (X ) - “ i  I l-ti —  -rj (2.3.6)e
 ^ . 3vT •
where _^ a. T.
<b.- O  %
may be derived when .5 . is a prolate, spheroid,' an oblate 
spheroid and a sphere 
(a) PROLATE' SPHEROID
- We adopt a system of prolate si>heroidal coordinates 
" I  y  Q j  $  )  ' defined by
t#
g « :-6 : A  \ M m  % fcV-/: O'
2 .= :£ A a  u » ©  , . O  (2.3.7)
where :.£ ^ €ki©/1*'J ■ /
and are cartesian coordinatesf The surfaces ^s.consk
are a family' of prolate spheroids ’with centres at the origin 
and 8. / (© <  <0. <  l) is the eccentricity of meridional 
cross-sections. The metric in this coordinate system is given by
where
Minronani a juwiwjtn ' . & '
(2.3.8)
»Q
and- _ e C A 3 tea
We take ^  to be the surface s %  0  ~ A *  (4) 
that the lengths of the.semi-axes in the ^  - and z  directions' 
CL'; and., Srfe. respectivelyV are given by
l <2.5.8,
J L V i  ; 1; :
The limiting case is the sphere p ■¥ £. c. i
and as 0, I . the spheroid degenerates into the line 
s egaent ' (Vz.\ ^  '
In practice it is found that it is possible to
empress the left hand sides of equations (2*3 ®4) snd
(2.3.5) as a superposition of the surface harmonics 9^ (c&a&'),
Here & ) is the associated .Legendre function of the 
first kind defined by ■1*1. . • ■
■’ ;  ■*
where the Z -  plane is supposed cut along the real amis 
between 4 * 1 and and ■ Ffa>^lc|z) is the hypergeometrie 
function
F  C a > t c |  a )  =  ! h - ^ 2. -
c cCom) 2 1
When Z s X  where sc is real and Jxl -cl, fee) is
defined by
p *  /—  -s _ (l-xOV (x4 -lf > v^v<\=0,l^^3,--J,(:^<n)^
" r « !  A x v,R
and for . DC > I by
P“ 60 = i * i  : ( A )  .
. *,'/ 2a «l <btrR
In this situation we are interested in the solution of 
the integral equation'
A .
<**) / t ,1
c ig ’ t (£&$). (2 .3 .1 0 )
te-r,f
The appropriate normal separated solution of 
Laplace$s equation in prolate spheroidal coordinates
[si rar
? n  C«o&) ^ C C A > | )  (
of the second kind defined by
q : F  .(“r ’*
r ^ y a ^ r * "
with the Z ~  plane cut along the real amis between 
•fl and -1. Thus we let
. u). -  -ft; qoqv* ^  ;Pn 'Oosfii)- R\ ■ inside S'
and
(5.^ = 6 **w a Pf <«e) C a p  outside S'
The boundary condition on S requires
a >  1 1 p;1 a v > .> s = 7 q : c a o
and hence from (1.3*6) and the Wronskian relation
p r ^ Q ^ ' h )  - p f  a >  ® r r * >  = _
l^y. 0 - z .U
we obtain
q (Bjf) ~ QEOV\<l» P™(u&&) ^  oT6m-wQ?
where ^  ^  C A  Q n *
The comolete solution for O"t is obtained as a linear 
superposition of functions of this form.
In practice the only difficulty involved in the 
solution of equations (2«3*4) and (2*3*5) is the 
evaluation of the integrals
l b )
(2.3.11)
■■■where .w. is an odd integer. Mow
d  ~ ^ V  ^  ^  ^ 9*
and
so that on performing the (p integration we may express 
(2.3.12) in the form
.IT
(ua&) 'VjO V®/ ©I) A ©  J
(2.3.13)
where ^
H-H
One method of evaluating *4^ is to express
is*-!!*! as and make use of the
expansion of T / |£“ 8 ‘! in prolate spheroidal
harmonics
in
** 1 1
o
s o
d
(2.3.14)
C) > y >
.-s
JD T M °
■ ' ^  , (2‘3’15)
«)>*(>,> > 1  d < P
ll'twvl
I is a polynomialana since T\ . is
t
P  may be carried out by interchanging the order of 
integration and summation. The orthogonality formulae 
for the associated Legendre functions may then be , ■
applied to evaluate (2.$.13). We illustrate the 
process by recording the results when snc©,n~l ana
2J  ££2ir«)Pt£®©)
iW/ii £ ftNi)fr-i)!£py<e3£>>pyc<»6')lth'7t,t (2.3.16)
■: " f i r -  ^ .»... \
4- ..
£tr4>s)f
and *7?f.** | co) 1V t «
T^te)z M ®
! > ) =
where ^  ^  2 C*)t> ,■>)<>)
An alternative method, which is suitable*; for. 
evaluating ^ ;{%&!) and is the result of a suggestion 
by Shall W  is to integrate by parts with respect to 
f  to obtain ■ 2!f ’
and complete the ^ integration using (2.3.14); the 
result is
f.y } (0)
~2V, A©') - -I^,£££2Hi)Pt£«66)ii£«-e')i>t/)•/)»)
t rt#i'v.v?( 2.3.19)
4- Z  (zt+ilfr-dl* pt«©) 
^  (h -o !*
As*^ increases the algebra "becomes more tediousj it is 
possible5 however, that a general result could be obtained 
by considering the integral
rtf ■ r2® -a«c|£-r1 , . r , t
-j^ g o  = I C I  e  —  ^  ^
V  Jc. l - r - t r ' i
- i c C  t x - C 1! /  *
The Green's function 8, — / may be expanded
in series of spheroidal wave functions [S3 so that the
integration can be completed5 it is easy to see
that the coefficient of $£ in the result may be identified 
with in the present study we only require the
results (2,3 *17)5 (2*3,18), (2«5*20) and (2e3*2l).
OBLATE SPHEROID
The oblate spheroidal coordinates may be obtained 
from the prolate system by the transformation
and are given by
«  e c K ^  •> ? 02L. 3.23)
21.
where ©  6 t - V ^  o, e [ o , « o &nd <j> eto,Z*].
We take S to be the surface ^ = % d =<H so that
the lengths of the semi-axes in the and 2L ;
directions, a© M e t  • respectively, are given by
K - . b - e * ,  i  <2-5'24)
The limiting case '&9Q is the sphere \ and as
8.-^1 the spheroid, reduces to the disc (z,c.£>,y>6t©,il ) .
It should be noted that the surface V'&j© in the 
prolate system does not transform according to (2,3.22) into 
the surface in the oblate'system. The reason that
'Vjp has been chosen in what at first may appear to 
be an unwise manner stems from the fact that in the 
physical applications of these results we wish to 
non-dimensionalise the computations with respect to a 
typical dimension of S  and we require this length to. 
remain constant for all values of the eccentricity.
Using the same argument as before we find that 
the solution of equation (2.3*10) oblate spheroidal 
coordinates is given by
How' may be expanded in an infinite series
of oblate spheroidal harmonics i,e«
e  - Jl&t+«)2 r s62-52)itz?^' )R* >*)}>
lr -£ 'l  ^  t e  : ;  C ^>V) (2-3,26)
and on comparing this with '(2*3.14) it is clear that 
the corresponding results to (2,3.17)> (2,3.18),(2.3,20) 
and (2.3.21) are obtained by replacing  ^ by  ^
and interpreting 0ife and X*© according to (2,3.24)
(c) SPHERE.
To obtain the corresponding results for the
z
. sphere r-lf+i'r ,=S we may proceed directly in spherical
polar coordinates using the spherical harmonics , y  r
^  ; and ccow^if.
Equation ( A , 3*6) then gives
(e/$y - (lnj-0 pP(«a®) cs>w<£ (2.3.27)
: . ■ 1 "
Alternatively, we may consider the sphere as the limit 
of an oblate or prolate spheroid as O . To this end
we examine the lyhit - ■
ftu r f V y )  = i
The Legendre functions are expressible in terms of
hypergeometric functions with argument y ^ u ]  and so 
we easily find that
l^.s i ”  f«**)S . (2.3.28)
w.) *
* (>*§»o 41
„ l u  r-rTi 3L-fJTrtx> q T  Ox) -  (**»»)!
and both '(2,3.11) • and (2.3*25) reduce to (2.3*27).
To evaluate the integrals 47(e). i > > ,  t. Vo,*) 
and * £ M >  we make use of a result due to Jen w ,  
namely
, , | _ 1  £  2  & - S T )  O 3 = r - - ^ f « 6 - 0 p  6 ^ - . )  *
lfrf|s ('*■»')■ (2.3.29)
O  >r')
It follows by integrating term by term that for 'V"* I
~ i S'it c » ^ 2  ( h r 5* -
t-ctv;
and hence
■ ^ W a -
= Sirca>»^ C (^6)
W
’©
Making use of (2.3.28) we see that (2.3-17)* (2.3.1S),
(2.3.20) and (2.3.21) agree with this formula. A
for *
result due to Sack t«3.
•*jr(W
general expression may be obtained using a
■(d). M S C
we now consider equation (2.1.11) when 
and 0-ip, are expressible in the equivalent forms
Carpying out the expansion in powers of OC as described 
in equations (2*3*2) through (2*3*5) we obtain
These equations may be solved in closed form using a 
result'idue to Copson L^l^ namely
Again the only difficulty in performing these computations 
is in evaluating the integrals
Uo
(2.3.34)
when ^  is an odd integer. By writing |£-£ i as If-fl f\trL\ 
we m y  rearrange the integral into a superposition of 
integrals of the form ;
[' i c ^ f / a / a /
"O :“ o
Copson Lfl shows that 
It7
^  ^  ~ , I/.
~  ^
\ 2.va
t dir
it follows that
f^ >
V  fl
fe2’l  cUrA^o 4-
y> P Jo’
Jr   Jjrdjo1?
,i ^
and on interchanging the orders of integration we obtain
■/* ■ | - Mi  w  #  <„
Ifc
35)
These integrals, can usually be evaluated using elementary 
techniques. By way of an illustration we record the 
results for some particular examples required in the
present study. We have 
~ * * 10)
I 2f?
(t-plfyl s \ h-jyTp 9
- :.i 
• z
o
■ 257 I I >
s  -1
The last result was derived by Shail L&J - who used the 
expansion of (pL 2-pp os>(5$"fO)** in cylindrical 
harmonics and various cases of the Weber-Schafheitlein 
integral. It should; be pointed out,however, that his 
result has been misrecorded. The other known method 
of evaluating integrals such as (2*3*36) through 
(2.3.40) is to find a differential equation which the 
integral satisfies when considered as a function of 
j> and ^ (c.f.Hocking D 61 ).
The -integral equation (2.2*8) may’.be treated
f-
in a similar manner with f f^ct) . replaced
by yj \pyP) . Since *)C \pj °C) is
the solution of an ordinary differential equation of 
the second order and it is finite for p  •G I0/ 0
then it is determined apart from an arbitary 
constant This constant is expanded in a power
series in ot . , i.e. ■
condition described at the end of 1(2 2i).
(2.3.41
so that the functions A^ .C/v '
and hence are determined
in terms of the constants (ps.0,02,3, j> .
OS?/ .
These constants may then be chosen so that <jr if)
X
vanishes as , thus satisfying the edge
We now consider a second type of approximation 
to'the•solution of (2.1,.8) which is suitable for general 
values of the. wave number OC'. '»
When the region i is unbounded we denote 
the solution .by CTL (£) <* The Green* is'-'-function which 
represents outgoing waves'at infinity le', simply
; . V': £-£*) ,
~ p. (2*4.1)
. . . .  : ! £ - * ' ! '■■■
and the integral equation for the determination of Olbfe)
is ; : " • • 1
f ■ a c d i - r j ', ,1 , „ ,v 
F^{s)d)=l £ ____  ^  ■> ( £ * &  (2.4.2)
mere F 0o(2'/K) —  I £  U W  +«(*)■£££/ * ) J ^
d  ^ : j T e !£-£’!
We now- assume that .if is such ...that the complete solution 
of (2.1i8) can be'written in' the - form •
( f )  o; (£) . (tc-gj (2.4.3)
.where CT represents the perturbation arising from the 
presence of the boundary 2  •
We note that in certain situations 01 does not tend 
to zero..uniformly as -2 -X «s6 . 5. for example1-/when"
S j is a cylinder resonance will occur at critical
values for the wave number oC * However, it follows 
from (2*3*1) and (2.4*2) that the equation for
is
cr6(s,-)&  d S  *
where
*£/ (2.4.5)
Now. since % s and 0^ exhibit the first order effects 
of the boundary 2  it follows that the second term on 
the right hand side of (2.4<>4) is of the second order.
'further,, if we express^ in the form
Fc,(-;<) = F%(£ ’f J + higher order terms
— 0) /> v
where l“g ..-contains only terms of the first order, then 
we may obtain an approximation for from the integral 
equation
) e   ----  - A s ,  (2.4.6)
ix- r'S
:"’where
. r: (*-j) 4* higher order, terms (2.4*7)
F g V r y * )  = f <r6l) (£
F6C£>c>  -
* M-pi
40C4 rr-
In practice exact solutions to (2.4*2) and (2.4*6) iasy 
often be derived when Helmholtz13 equation is 
separable on the surface £> .
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CHAPTER THREE
TORSIONAL VIBRATIONS OF A BOUNDED ELASTIC MEDIUM
(5.1) INTRODUCTION
In this chapter we apply the general results of Chapter 
2 to a number of axisymmetric problems in elastodynamics• These 
problems are of two types, (a) the excitation of torsional 
vibrations in a bounded elastic material by an axisymmetric 
radiator and (b) the scattering of torsional stress waves by 
an axisymmetric obstacle® The purpose of the analysis is to 
compute the first order effects of an external boundary to 
the elastic material on quantities of physical interest such 
as the stress couple on the oscillator and, in the case of 
diffraction, the scattering coefficient. / Much of the research 
on these topics by previous authors is devoted to the study 
of infinite media, and is motivated by many practical 
applications in soil mechanics, mechanical transmission line 
theory and the response of foundations to oscillations 
in machinery and engineering structures®
Inexact solution of the mixed boundary value 
problem arising from the study of the forced torsional . 
oscillations of a circular disc securely attached to an 
elastic half space was first given by Sagoci Lll . Previous 
results for the same problem were of a semi-empirical nature 
C • ■£. Reissner 12.3 * Sagoci1s exact solution for the
transverse particle displacement is in the form of an 
infinite series of spheroidal v/ave functions. These series 
are well known to be slowly convergent for all but moderately 
small values of the frequency of vibrations and in all cases 
they constitute a very unwieldy representation for studying 
the motion in detail. Consequently, a number of authors have 
devoted attention to approximate methods designed to examine 
either low or high frequency oscillations. Collins using
an Integral equation approach and Stallybrass u*j using a 
variational technique have given low frequency estimates 
for the stress couple resisting the motion of the disc, 
but recently interest has turned to the more difficult task 
of determining the corresponding results for high frequency 
oscillations. To study this case Stallybrass D»1 used another 
variational technique and in a further paper, an asymptotic 
method suggested by Noble ttt ; however the most significant 
contribution in this direction has been made by Thomas I7l . 
This author employs'; a reduction devised by Jones C83 for 
converting the governing Fredholm integral equation of the 
first kind into an equation of the second kind suitable for 
iteration when the wave number is large. An exact formal 
solution is derived and then standard methods are used to 
compute the first few terms in the asymptotic development 
of the stress couple. The results are in extremely good 
agreement with known exact and empirical values so that 
combining these results with those of previous authors it is 
possible to form an accurate description of the motion of the 
disc over the whole of the practical frequency spectrum* Thomas 
also points out that the corresponding formula for the stress 
couple given by Stallybrass is not as accurate and Shall L^ ] 
has detected an error in the latter authors work*
Awojobi Do] has suggested that for applications 
in the engineering of large civil structures whose foundations 
are in a stratified soil, the semi-infinite elastic solid 
may not be a reliable model of the real situation. He 
proceeds to discuss the forced torsional vibrations of an 
elastic stratum by formulating the problem in terms of a pair 
of dual integral equations, one of the kernels being a 
hyperbolic tangent. An approximation for this function and
an earlier result Du enable the author to give some idea 
to within what limits a solid of finite depth behaves like 
a semi-infinite medium but it would appear that much of 
his analysis is incorrect and consequently so are his 
conclusions. Awojobi also claims that his is the first 
exact formulation of the stratum problem; he,therefore, 
seems to be unaware of the work of Collins [33 and Will iams|| Z] 
which is effectively equivalent.
For applications in mechanical transmission line 
theory it is probably more appropriate to examine the vnodes 
of vibration of an elastic cylinder. Using Poov-iev - Bess-el 
and;-Dini series Shail|3] has considered the low frequency 
torsional ascillations of a semi-infinite cylinder excited
i
by a rigid disc attached to one end. He analyses the case 
when the cylindrical surface is stress free and when it is 
displacement free.
The present study extends the low frequency results 
of the above authors to encompass a wider class of external 
boundaries to the elastic material and a larger variety of 
radiators. All the work mentioned previously has been 
concerned with the oscillating disc. Here we consider a 
general spheroidal oscillator which ranges from the disc 
to a slender prolate spheroid. In § (3.2) the problem is 
formulated as a Fredholm integral equation of the first kind 
and approximate solutions exhibiting the first order boundary 
effects are obtained in § (3- S) using the low frequency 
perturbation technique. In §(3.1*0 deduce low frequency 
approximations for quantities of physical interest such as the 
stress couple on the radiator and the torque required to maintain 
the motion. The reliability of the approximations are tested 
against some known exact values and some 'numerical solutions
of Collins'1 s integral equation t3l. In 1(3. a) f.t is also shown
that the torsional ■vibrations of an orthotropic elastic medium 
is mathematically equivalent to the isotropic case and by way of an 
example cm expression for the stress couple on a sphere 
oscillating in an orthotropic elastic stratum is given in
stratum problem. Using the boundary perturbation technique 
we derive approximations for the stress couple on a spherical 
radiator and the oscillating disc. In the latter example It is 
shown that the result may be expressed in terms of the corresponding 
value for an infinite medium. In the case of the sphere it is 
possible to find a formula which is valid for large values 
of the wave number; thus we may obtain some idea how an elastic 
stratum behaves when excited by a radiator vibrating at 
high frequencies.
material is a subject which has received an increasing ^mount of 
attention in recent years > largely due to important practical 
applications in seismology and the mechanical vibrations of 
structures containing flaws such as cracks or air bubbles. For 
a comprehensive survey of the subject up to 1955 the reader is 
referred to a review by Miklowitz o n  • There are two classes 
of scattering obstacles which are of interest In elastodynamics, 
namely a rigid fixed inclusion which adheres to the elastic 
material and an elastic dislocation such as a cavity or crack. 
Examples of associated quantities of physical interest are the 
stresses and displacement fields near the obstacle and the 
scattering cross-section which is |>rc>^ 6vtic>nciX to the 
average rate at which energy is dispersed from the scatterer. 
Barrett and Collins B5] have shown that when a plane harmonic
C3.1*) In (3.5y we re-examine the isotropic
The scattering of harmonic stress waves in an elastic
sronai or.shear wave impinges, on an obst
scattering' cross-section may be calculated from the far field 
amplitude of the scattered waves in the direction of the incident 
field, a result comparable with similar optical theorems in 
electromagnetic and acoustic wave propogation. Lawrence 
has recently given a general formula for computing the low 
frequency approximation for the scattering cross-section 
for both plane compressional and plane shear waves incident 
on a body of comparatively arbitrary shape, the only 
restriction being that it must havb three orthogonal 
planes of elastic symmetry. His-results, agree with those 
obtained earlier for the special cases of a sphere and a 
disc 0*73 ? DS-3 and 0 ^ 3  . In the present study wej
consider the scattering of torsional waves propogating along 
the axis of an infinite cyliner. The scattering coefficient and 
the stress couple exerted on a rigid coaxial spheroidal 
inclusion are calculated for small values of the frequency.
We consider also the corresponding problem for a penny shaped 
crack, thjzs complementing the work of Sih and Loebsr £2.6] 
who analysed the same problem for an infinite medium.
In the final section of Chapter 3 ‘^ e derive the 
linearised equation governing the propogation of torsional 
stress waves in a perfectly conducting elastic medium under the 
influence of a coaxial primary magnetic field. From this 
equation we conclude that to some extent the material behaves 
as though it were orthotropic and that the magnetic field encourages 
the separation process at the edge of a penny shaped crack.
* Thanks are due to E«G.Lawrence for showing the author a 
prepublication copy of his paper.
\ j J r^iuauimi J-vyii
Consider a homogeneous isotropic elastic solid T  
. which is bounded externally by an exisymnietric surface 
A  and internally by a rigid coaxial inclusion T *  
having a surface of revolution 5 . We suppose that the 
inclusion adheres to the elastic material and is forced 
to perform torsional oscillations about the common axis 
of symmetry so that, 'when referred to cylindrical polar 
coordinates (&,<J>!%) with origin at the centre of
I the only non-vanishing* displacement component in the 
elastic medium is the azimuthal component 
The equation of motion [213 . of the. elastic material is
4- •£. P0 ,
2H R, * dtz
i\
/y ..where is the stress component in the direction
% acting on an element of area whose normal is in a 
direction ^ and ^  is the density of the elastic 
material. The stress-strain relations reduce to
wnere
V ~ VZ, >
(5.2.1.)
(5.2.2.)
(5*2.3)
/equation for is now obtained from (3.2,1)
(3.2,2) and (3.2.3) in the form
e
We now introduce the dimension!ess coordinates 
['pjfijZ.)- and the dimensionless displacement 
given by
(t.2,4)
where is the velocity of propogation
/ »
of shear waves in the elastic medium. We suppose that 
the angle of rotation of at time t is C k r )  
given by
i l C t ) = $ a iwt (5.2.5)
where 00 is the frequency of oscillations . The boundary 
condition on & is then
(.3.2.6)
(5.2.71
where - R /«• , 2 s ?  /-a. , and 0.
is a typical dimension of §  * Further, if we let
u ( x )  S U(^,z.)c<p
then it is clear from (3*2*4) and (3*2.5) that (\T mast 
satisfy
with
( y V o ^ )  o
uy(l ) r pu»<f> 3 Ci esO
In terms of l\T the stress components 
and are given by
dig
cra<£ =. a a ( t r )  ( S W - U -
In general we shall 'suppose that the
«S?4
surface<da is either free from traction or is clamped. 
It will be seen that this gives rise to homogeneous 
firichlet, Neumann or impedance conditions on that 
surface and if the elastic material extends to infinity 
in some direction then iS must rex^resent outgoing 
waves in that direction. If we choose the Green’s 
function 'GtCXvS*) such that
(3.2.8)
(3.2.9)
(3.2.10)
(3.2.11)
and %  satisfies the same conditions as U5* OVi 
and at infinity then it may he verified in all cases 
considered that
& C
where denotes differentiation along the inward
drawn normal to T  .
According to § ( i - 0  the integral
representation for OTCX) is
j
6j(r)s
V3§l
^ { ^ 2}) *£') A S
-  Q'C£;£')AT '> C£eT) ^  9 1 A)« 4.aX^ J
where = &[£(
and the boundary condition (3*2.10) gives a Predholm 
integral equation of the first kind for the determination 
of CT , namely
p c m f - 1 c r i p ~ 2 l  1 ^ ^
The corresponding equation v/hen S is the disc (Z.s.o/ peto,ij)
K2 - I — 's-s' | I
and; Grtij£'-)£-(k(psiP./Zjp\$sz ^
We now shew that the functions 0T (fslL) 
is of direct physical interest, being related to the 
tangential stress component acting on the surface
of the oscillator. If TT^ is the stress \T6cfc©T 
acting on an element whose normal is in a direction 
.(i*) and V\ is the outward drawn normal to p then
r ,  , = t # - T - ] s
From the symmetry of the stress tensor in isotropic, 
elasticity we have
s-imu.ja.tt) c r ^ z . )  < (£<=-£).
(
In the case of the circular disc t s  5 '“<$>% and it is
easy to see that CT^o) represents the discontinuity 
in' across the circular region
The-total stress couple resisting the motion of the 
radiator is given by
where Or
P m
r*
W ( 0 =  -
Jg
(3.2.19)
where d$D denotes, an element of area in the ( ^
coordinate system. Combining this result with (3.2.18) 
we obtain
Z Sis^cdyu. iltt) f .f xrfaz) d l  (3.2.20)
where £ is the contour which generates $! when rotated through 
an angle 2.1! and Afi. is an element of arc on C  
When 1 is the circular disc this formula becomes
If we let
Z  * 1 ( 0  S  (k, +i k  ) (3.2.22)
then Xl(e) = rt_LWlr ^
(k S I v  )
and %. ( n t f ) ) -  J l  ( k ,  + W )  ^ k C O ^ t - w y ,  (3.2.23)
« >
where A  is the phase angle between tsf and jfi. 
and
IaaA, ^  ~ U-2, / H  I (3*2.24,)
jf v/e represent the couple required to 
maintain the motion of the oscillator by 4-&0)
and the stress couple by H  ut 
where is. the phase angle between P
and M , then the equation of motion of the 
inclusion is
V  4-H u o w t =. Pceo{iat -t-A o  )
where "X^ is the moment of inertia about the axis 
of rotation. Equation (3«2«23) now gives
p  = n  | c * - i s'frf
and
where
A o =  )
X o  - X m  / ^ f.o
and t,
r. Hi,
Finally the relation between P and XI is obtained 
in the form
fl (-Q.) =  f  ^  (
itci?
(3.2.24)
(5.2.25)
,(5.2 .26)
3.2.27)
material /using these formulae,
TORSIONAL VIBRATIONS OF ORTHOTRQPIC M5DIA.
■■■'When an elastic body has three planes of 
elastic symmetry it is said to be orthotropic
The equations of the generalised Hookefs law 
contain nine ihdepto^filastic constants and for
purely torsional displacement fields { ^  ~ ° )
it is easily verified that the stress-strain relations
reduce to
X p %  - s
...
-
where; are
known as the moduli of elasticity. For isotropic 
media «./ s. yjt and equations (3*2.28)
reduce to (3.2.2) It follows from (3.2.1) and
(3.2.3) that the differential equation for the azimuthal 
displacement field in an
orthotropic medium is
r 4--L = p  ^
1 R 1 A  3S;2' 1 0 dfc*
Consider now the same physical system as 
described earlier for an isotropic solid. If we make 
the affine transformation into the ■ dimension!ess 
coordinate system (-f^ j ) given by
.2.28)
3.2.29)
dependent displacements (3.2.29) becomes
_ \ r  + 1  + ,®LWV. ^ - e c V  - o
3 p % p dp dzf,AZ’
■where
and
*  ’** V(/>, z.*)
* l s  A , c * V / A tt
The boundary condition on S is
* )  - p  , f £ & S )
and thus the problem may be formulated exactly as 
before using the coordinates. Furthers
by a similar argument to that which led to (3*2.18) the 
tongential stress component is obtained in the form
5 1 5  -p ;  * X w  4]
h Mwhere VY , is the !iUnit normal to p i,
djL 1
and (XOifl is element of arc on (j . Suppose now
that by the transformation (3«2.30) • §  ~s> and
the stress couple on the oscillator is given by
7f
where JK - a quantity which we
shall call the ”effective shear modulus” of the 
material. Finally, if we denote the gradient operator 
in the space by V  * and the outward drawn
^ f \
normal to C  by n (3*2.33) becomes
W ( o =  f ' o S ( A . v s ) m J f
r* 2. 2 T  -'Wt f ' *2.Z %Tl 4? $ 4  ^  J yO CrCfiZ a
&
7/here c r :‘G>,<r) - -,1: 1 1 )■/> 2>*s V />
Thus the stress couple on the oscillator ^ is
4
the same as the stress couple on an oscillator ' in
#*»
an isotropic medium with shear modulus JX and 
’whose dimensions in the X.— direction are f/x times 
those of the ortho tropic body. This fact will be 
used later to compute Mfe) for a sphere.
v>i ) approximate solutions for low frequency oscillations of a
SPHEROIDAL IKCLIISlQIu
We now apply the perturbation technique described 
in §(2.3) to obtain an approximate solution of 
equation (3.2*15) when the rigid inclusion has a 
spheroidal surface. The limiting cases of the 
sphere1 and the disc will be considered in some detail.
In general we express the Green1s function 
. in the form ... ■
is-s'.l
§(r;z,'> * a  (3.3.x)
where the non-sirigular part M’iClyT1) is decomposed 
into its Pourier-cosine expansion with- respect to 
j namely
^iC^ .r’) - £  &-<S0 ) cmvi($-<$') Q, (p/e. )pW') j (3.3.2)
■ ' . ■
to ,
where I t') CJt&vi<f>. 4.0 ~ 2t?
v &
It is clear that the only coefficient which makes any 
contribution to the displacement field is
■e-
Further, if we redefine the aspect ratio y$ by
- maximum distance between a point on&’and the centre of T  
miBimum-.distance betv/een a point on 2* and the centre ofT
(3*3*3)
and suppose that ^  is small with Ct^ ~ ^  /y$ r 00) > 
then it is found "a posteriori oy ippr8C  ^expansion that
It follows that the left hand side of equation.(3*2*15) 
becomes
/><*»$ + ^ t f / ' W e l l l ! f ' £’ldT' * c f e b
/ J-f* is-r1! ^
•f
fcr JT
^  1 ell 1 4- 06**0
(3.3.5)
no­
where r is the plane area which generates the volume
f when rotated through an angle 2tr about the axis
of symmetry. If .we now set
»_,£)= CTotez^ + oc cnipj*.') + «*<%(/>,*■) +C>(*'t) (3.3.6)
and apply the results (2.3*4) and (2*3.5)$it follows 
that the perturbation equations for the determination 
of j J j are
cr0([},■£)(*><$>' chi' , (re$) (3*3.7)
0 r 0 7 (p/i) ca>$ <k£ , [ - > ° 7
• ir-i4! (3.5.8)
, f S3' ^ 1 c b \ - c © $  crj^ z')^ /Uz.y/z')JA 
l£-c'l
where w  is the contour which generates the surface 
when rotated through an angle 5.TT about the 
Z. -axis and Afe is an element of arc on C
We may now employ the results of § (2*3) to 
obtain the solutions for a spheroidal surface S' *
PROLATE SPHEROID
Making use of the expmsion (2*3*14) and 
integrating term~by term we find
X
I .i
where
Equations (2,3.11) and (2.3.20) give
OBLATE SPHEROID
The corresponding results for the oblate spheroid are
lgrir ® (r-r‘1
i c
(z&$)
(3.3.15)
where Cl&s-i j 4ro - 0 ^  *
01 -
2xe
1 ^0/
(3.3.16)
d  S O  ,
0 1  -
ifir g (“i e , ; §)
(3.3.17)
with h i *
62.
0*'-e2)i >  ^ rn,a.
i L ei
{(-£?)*■ — ^8 «2 
SCS-bz1)
0Vx i  y fr) 71
c. 'L Z
07 r ^eQ-c
; s L s f f
■V 6 (3.3.13)
where GhT^E ^  z i P«Y*4}o) &» 6 4 ^
The source densities for a spherical inclusion follow 
immediately from the previous results by letting
For a disc shapsd radiator equations (2.3.33) and 
(2.3.40) give
,  ^ i  JL. />e 1°, 0 .
■c * ^ - ■ *  1,1 jrp. . (3.3.21)
cr; (/>) = o
ana I (3.3.23)
'EVALUATION OF 1 % )  for VARIOUS BOMDARY CONFIGURATIONS 
The function %G0 represents the first, order 
effect of the external boundary 2  on the motion of a 
solid particle in the region T  . In general the 
boundary will be composed of the cylindrical surface 
( Z.S t~Lj i-3 ) and the two plane parallel
ends £X ) J . Y/e shall?however3 be
interested in the corresponding results when T
is bounded by the'two parallel planes “E—jlL }
Various. mechanical. boundary conditions may be imposed 
on 2  j and is proceed to compute 
for several configurations,
FIITITE CLAMPED 0YLI1CDER,
The first example we shall consider is when 
Xa is a finite clamped cylinder. In this case the 
elastic displacement is required to vanish on the 
boundary, i.e.
(*cr —° j ^  > p
} (3.3.24)
The appropriate Greenfs function is given by 
(s. a?) and we have.
. i t  -e~* lL+tilua-l.) - f * 1 > (4+L$f
\  A i X l
(3.3.25)
where C  is any contour in the first quadrant of the 
complex K - plane which starts at the origin and is 
parallel to the real axis at infinity,
.V*
and v/e must take that branch of the square root
which is positive imaginary for K on the real axis
with | K 1 < <  • Jhirther;
X m  - w\ti/lL,
= Jrd-sb = » j
and we suppose that c< is not one of the doubly
infinite set of numbers '
. •••■}■ where JAL^  are
positive roots of
the
arranged in ascending order of magnitude. The wave 
numbers .are those for which a resonant motion
occurs.
Equation (3®3®25) W  rearranged into the 
form; _ ■
I lt (Kp)zt (%p%) IcJtc
“* J* 2 § cm Cz-'-z1) ^QcsaTtt^ uaz.5^  J^C4^,o)1^6Sty) K,(A^ S»)
L x ^ )
and if V s.q £L5;  ^ according to (3*3*3) we may 
take /S= i/l  and make the change of variable
k *  t/s: (3 .3 .2 6 )
The result is
/^Xb
—  $ 2  | -t-l) cos
'to a  V  a
wnere Jt> Z.&-/ L ■ = C>(‘), 
^  = «/,8 ~  6(0,
ana is the image of.the contour C under the
transformation (3.3*26). The poles of the integrand 
all lie on the imaginary axis at the points t = t.
Further, the integrand tends to zero as 
and thus we may replace the contour P0 by the 
straight line path y %, C O  >, © j
panding in powers of jB then gives
= ft# ' I
ex_ _
00
-26x41^ )
^  _ y* I tec\zixfip)<ktc
vi©
n * .  L C p l f - V h )  03.27)
providing / T  = (pHz?)*- z 0(l) , T 1 z'^*=Cs(0
. r * ^ 2jL 2.1‘st­
and ^  is not one of the values £• 4^, + p *  U J
3y *.--/ ) * Integrating by parts and making
use of the results
dx
ck. ■= liAt)
■x 
vi©
where Lin (x) is the polylogarithm of order ^ 
we find . . .
e 2^ - !  6 * 1 * * )  V * .
(3*3.28)
Since
l A i ( e ifcK  + i O i> 0 >
U 3 (-3 D  - c i 3 (*•) +  * x^ ) >
where CIL^Cx) and are the
functions of order v% , tlSl, . 
we have finally
= o c ^ ' Z f y . - h . O f c ’ ) ,  C tt i fXCc 'efX
where
U v >=h i»,(*>+**
■ r ,
Dfi, (<v)= i Ci3 - C!la6T-2£j,)
S i eq 6r-2^ r) 4- tj, %£s.fe-2c^ )
«o «.*
GlVlCt
with
I  < W  = £ ^ ~T  ^ lxl
(3.3.29)
(3.3.30)
(3.3.31)
i f -
The feict ions C£r»&) , Qrfiv&feO are tabulated . 
in feSl for XrT« ^  iz , ^ c 0.O(b.!)2.O
They are periodic with period ■ "JLw and for -2Vf ^ .X<2tf
7^*^ 3 £&)
y Cfc6c)
and O 3 6i)
m  ± (*-z-2vi
X.(fT ~ 1st I ) (Z’it' 
2, --Atonvi&'f v\ j
t&S*|
2^. / 3 
Oflovix / Hw.
(3.3.32)
iZi
Note that
' W  - % s/3 + *  ( t ~ 0  HCv'i'O, <j,<f
(3.3.33)
where B&-) . is the Heaviside unit function defined by 
H(x)uO . X < 0  ^ H6c)c.l^ x. ><>.
When the whole of the surface is tree from
traction the boundary conditions for CaT follow from 
(5*2,ll) in the form
32.
- p o ,  -set-Ul-h). ^ (3.3.34)
The appropriate Greenfs function is ($.36) and we have ^
^ i  ■e~2>lu'a|<4 ?,(^ .6.)
m  i  /aluxL
(3.3.35)
where C D . X , U s , are defined, as before and
the 'wave numbers corresponding to resonant motions are 
( : 'Vfli/2 L > (^*1,2,%, )
and <*„*., - J7|f .(*=<, M . —  >, fH=o,<AV-0
Ys.) :
.whereh yin ^e*nss o-f :
. arranged in ase<_r iin r order of magnitude. Following 
the procedure of:the previous section we find
= o c ^ y o T ^ )  + ° ( f s) ,(Z ),(£'£&.
provided and & * >  is given by
ifo)=A 4. +%(?,$ * & W *  iMy*)?
(3.3.56,
with DStg Cfy) = -T Cl3 ( ^ )  ^
md
-f ^  (5*3*58)
^ r Z y . + C - O X p - ^  (3.3.39)
XEFIHITB STRATUM "■
When, the elastic material T  is hounded by the 
two infinite parallel planes z £ L  the appropriate 
Green1 s functions are given by (A£5) when the planes 
Z *=■ 1 i are clamped and 6 A.2.^ when they are stress 
free. It is clear that the required expressions for 
£■(%) are obtained by merely omitting the contribution
due to the surface' ( — J Z & t*"k» L] )
in (5«3«29) and (3«3*36)j thus for a clamped stratum.
Id,) * ” 3 1^1^) (3.3.40)
■ . x-%: ■
and in the stress free case-
3*41;
STRESS FREE IImFIHITS CYLINDER,
When the elastic solid is bounded by the
infinite cylinder which is stress free then
**0? ■—  k¥ ~  O . p -§r % (-c©4l 2 4  cs)
VZo /  r
and U2T must represent outgoing waves as Z  It 00 
The appropriate Green1s function is given by ^  .iff) and
where and X are defined as before. It is convenient 
to isolate that part of the integrand which has a 
singularity at ; thus we rewrite (3*3*42) in the .
form.
(■>, . .s i f  ki ^  f y ) - V ] ^ ) l « o W 6 ^ i <
q  (f, *>/*?? ^  T , (>*•)/
+  f  coo k U - r 1) d k  .
.>> ,t£)
Consider now the situation when ^
the poles of the integrand in the first term occur when 
l i  (
i.e. k  = k *  - JoC1-.y / f  } U s . i ^ / S , -  V
We m y  deform the path of integration into the real 
.■axis with small semi-circular detours above the poles
I i(%)
K=. *** and evaluation of the appropriate residues
gives «o
r (,V  « »\ a  I 6y>)- * 2 ^ 1 * 6 6r)]ccok(z-z')&*
^ - y , 0 = ¥l4 I ( ^
>©
~ 2 j  t  y, ( f t p  ?,(/*/)
■ . w / Z » i x .
K* (h $r) Co0 k (z-zO 4 ^■.to'
I T #
where a detour above the pole ks.fi£' ps understood in the
ocvum xxxuygx'eu., using une recurrence relation 
for (z) we have
***& /*s*
Ki (h|r)c^k k * kJ^ccokCz-z'Mk^-i k , M
Wo
The first term on the right hand side of this 
equation is the modified Sommerfeld integral 
and to evaluate the . second we use an integral 
related to the SoniM-Gegenhauer integral 
namely
'*ank(z-z') M & t k V f D d k  = ( f f
Tui ^ «C\jr}^ oC%2 *•
where ^  < 1  and a detour above the singularity 
k - ^ is understood. This result may be
extended to the ease >*-! providing account is
taken of the polew/hich arises at kc<* . Evaluating 
the residue we obtain
' toka.-/) K m  cikl -iLi
and.the final result for the &reenfs coefficient
k t 13
n=o
otlCf,
J L  - h  
ib c y^+c-L-z't ^
(3*3*43)
(3*3.43) is omitted and the integration is taken 
on the whole of the positive real amis « On setting 
— ! / ir y E^ki^o ike change of variable
L
ir = (f> t +«*■)
and expanding as before we obtain
eo
where
j » .  J '  c  i  f  M t )  1 1 2 - -  s r x ^  < r g >  t a t  
- W  I TT h  X , 0 )1 2( 0
+ V  Ct1- j
o ik(t;
4. §" coot, - I
je?-?
4-i| .43? — ^‘ 3 ^
c*> Vvs* “
Gy
2. , Y-2.% vl
cO
i. f -  M O
=  : W l f  lo ■ “
+• f [fc1- £3^ 0 3 4 gcoo^-/^<j,
0„ i h * )  r^~"'
4-t 2 2  W,~f
cs*
PJ
ChMPSD
Suppose now that the infinite cylinder 
is clamped; we require 
(S -s. O j f - <?Q 1 < 2. <®0
andX*y : must represent outgoing waves as z. ± <*0 • 
The Green1s function for the problem is ^ .3<o with
uc A i « Jv
In the situation when
the integral has poles on the real axis at-
k =  C  - i
Thus, deferming the path of integration onto the 
positive real axis with small detours above the 
poles 1<< i, ( *  ) a/ , f*» )
and evaluating the appropriate residues we obtain
r  r  t  oc x (
- 2i 2  ’ T, 0 & b  3 - Jk
(it v«s,»----- --- /.--- ...............................& r* A .»% I A r.
-zV
D ; y . t  &)3 M y
(5.3*46)
and is found as
x  ^ f t  yi & ) — 1
ft«0
M,
M e  t h t  
I, d) J t V
( -J A *7 \
where -- t (vn= 1,1,3, •« ~ >
and the finite sevies in (3*3*46) and (3*3*47) 
is omitted if
>4) LOW FfiFQIMTCY APPROXIMATIONS FOB THE STRESS COPPLB
We now compute approximations for the stress 
couple which are valid for small values of the wave 
number 04 and the aspect ratio j equations 
(3.2*20) and (3*3*6) give
J < * / 4 .  * ■ «  j
+  c^ S|  05 4-
. Using the various, expressions for the source densities 
derived in § (3 4S) we may perform the integrations to 
construct the general formula
(3.4a)
110^^0 f  M04- <** A** o£SA3 [l6p (3*4*2)
3 .
where n fc, n^' and n3 depend only on the shape, i.e. 
the eccentricity of the radiator and ZCfy) depends 
on the shape of 2* and the mechanical boundary 
conditions imposed on that surface. Further A© tfiz 
and . are all real and it is easily'verified from 
the perturbation equations that ps also real
Z ‘
; thus from (3*2.22; and
(3.2.24) we have
k, = &  £  >'«*.**■ *■ * 3 A s ft [ U f A  -fo^d/3
H LM - H
J . \.2*4*4y
u  a ?  - I K  + o ( ^ / )  (5i4.5)
K,4 Wa.
K2 C? t
In all cases considered in the present study the 
geometry of the surfaces S and <£» and the boundary 
conditions are symmetrical about the plane n r  o .
It follows from continuity considerations that
•where 0lo is the equato^al radius of the radiator* 
Thus the preceding analysis is equally applicable to 
the problem of the torsional oscillations of a 
hemi-spheroidal indentation in the stress free 
plane face(zc.<i) of an axisymmetric elastic solid* 
The corresponding results forH, ^ 2. , fch*\A ? a21d
■;t|2. are obtained by simply halving the result 
(3«4.2) and proceeding as before.
•TABULATION OF . Mo and
k),PROLATE SPHEROID (eccentricity - 6 interfocal
distance - Z a e  )
Prom equations (3*3.12), (3«3*13) and (3.5.I4) we
find 2 e 3 6 ~ 4?)
( e -  6  - -eh )
Al  = [ 1 - l e h e h T - e *
5 (e —  vf’ + e a
■ 8 e l  (1 - e h "
CO)
ana
3 ( e - ^ d e T ) '
f\ / i 4
£. - 4 i | _ £with >t,y 1 (1 1 ® -^  and e  e t v )
for e  =, 0.i Co. 1 )6 .^
TABLE 1
e Ao | A* ! a 3
0,1 2,96405 -0.98011 | -5.85705
0 ©2 2,85675 -0.92168 j -5.44066
0,3 2,67980 -0.82850 j -4.78757
0,4 2,43617 -O.7O676 -3.95661
0,5 2,13019 -0.56501 -3.02513
0,6 1.76793 -0.41395 -2,08373
0.7 ■1.35775 -0.26630 -1.22899
0,8: 0,91135 -Oil3658 -0.55370 j
O P 1w« j 0.44660 -0.04106 -0,13297,]
We recall that as 6 ^  o the spheroid becomes a sphere 
■■radius <X &nc m.this case
A  * ~ 3 , A x  - }
Further, we note that as £.s> ! the prolate spheroid
degenerates to the line segment ( J 2.1 £ \ t p-^a ) .
= - t (3.4.8)
OBLATE SPHEROID* (eccentricity - €1 interfocal 
distance- *ta.O~e2-)^
The source densities (3*3*16), (3*3*17) &&& (.3*3*18)
give ^
A ©  -  if-
( ^ - e O - e ^ y 5-) i
a 0 - e » -  _ 2 e l  . L e O - ^ - ^ W ^ j
m  - —  —  . i ii
S 5-M*
4
snd A 3 - - U r
s t  '
with = t b M 1/ ~  , • V &n<i e eCs-'11-
The following is a table of values of A ® ,  At' and 
for e  C  al (o.\) S.O
TABLE 2
J &1 . . . . 1 A  © i
0*1 2.99098 -0.99499
i ■
| -5*96397
oe2 ; 2.96365 -O.97989 -5*85550
o*3 2.91720 -0.95441 I -5*67338
0.4 2.85009 -0.91806 j -5*41536
0.5 2.75981 -0.87004 -5*07769
0.6 2.64218 -0.80302 1 -4.65409 . |
0.7 2.49004 -O.73279 .]- -4*13354 
J -3.49398 |0.8] 2.28932 -O.63712
0.9 2.OO42I -O.51153 j -2.67791 ]
!.0 - 1.27324 -O.25465 -I.O8O76 J
The limiting case 8.-^ 1 is the disc shaped surface 
( Z - 0  , ^OGtOj ll) and vie note that the same result 
as that given above is obtained from the source densities
(3.3.21j, (3.3*22j and (3.5*23j i.e.
A . - l ^ / i r ,  A*.* -k/STf , *3 = “3 2 /Sir-
THE F1BST OBSER BISECTS OF SHE BOtikPARY -S OH THE MOTION OF 
THE. RADIATOR. '
To examine the effect of the boundary on the
motion of the oscillator we consider the ratios §< / )  %*-/ 
hr / and hi -where the superscript
denotes that the Quantity is measured in an infinite 
medium. Setting in equations (3*4*3)
(3*4*4);(3*4*6) ^  (3*4*7) gives
O l V O  ? 
v
lfc»)
H. - If 5 a* +■** 3 6
|C«>) _ — kjl of*
60)Q. - -2. 5 R0 -
gllAo
(go)P» * ““^ 3
T  " /477 A©
o d 5')
^ 0(<KS) J>
thus
(3.4.10)
9 * - / ^  - * ~  ^  7 ^ ]  + c ’4<rt/i?13
h l / w », , 1  4- « 4_ A a  § 1 1 1 ^ ) 1
a ^ .  K / £ > -  = I '  f  l l W 3  + 0 ^ / >
Now from tables (l) and (2) it is clear 
that the ratio A3/A© is largest for a spherical 
oscillator and smallest for a slender'prolate spheroid, 
for example.:
e_ fl3/ f t 0
v* 0*9 0*298
PEOLATE V  0*5 1*420
^  0.0 1.976
" .'OSl-'ATE < : : 0®5 1.84
C  1.0 0.849
Thus it would appear that as the surface 
area' of the inclusion increases the effect of the 
boundary on the stress couple increases. We now 
consider some particular examples of the boundary JS.
CLAHPED BUUEDARIES.
When the finite boundaries of the elastic 
material are displacement free it is found in all 
cases considered that there is a frequency band 
typified by
oc <  <*0
for which the component of the stress ccrnple out 
of phase with the oscillations of the inclusion 
is zero, i.e. - O  for O  <; G, <
(3.4.12)
(3*4.13)
Wot example when ?  is the pair of parallel planes ;
21 n  L  the■ kernel of the integral equation,(3.2.15) is
t * dcd£-t! ‘ C«W ,
q }(a 2 )p,t) =t 1 W  e _ _
1  1  tf-r'l
vmere ' $ z ///£,) is given by (ft .2§)
and for the contour of integration may
be taken on the real axis; thus
cd
z ^  e_Al2^ *\ A
\ ■ 2 I1 . r-—  ° A t&Zhl
where A n = h JcA-fC*  ^ (k < < )  :
Splitting the range of integration into the segments
o $  k £  <*  ^ <  k <  ®6
and taking real and imaginary parts it is easily verified 
that
&  £  '*?''(f/2 1 = °)
■thus O" 2-) and n e t )
are purely real for <p <  %. « Note that if
the'contour-may not be taken on the real axis due
to the presence of the poles at k z j (m -
with -£ •C of <  .£ . We conclude thatfl  <r r
for this configuration of the boundary  ^ ^ / Z L  
and this is clearly exhibited in the expression for 
the stress couple; namely
| k h =  Zr.cfyzP-W £«<> + **«». 4-yS^j
3 ^ 4-0(«t JS*)$ (5-4’11 )
where for /z
in terms of a polynomial in cp rising the periodic 
properties of the associated Clausen functions GriLa. and 
^ 3- and the definitions (3 *3.* 32)* The function 
M , 0 $  is defined in terms of Ck j. and
thus by interpolating in the tables supplied by Lewin 
"0^3.1 or proceeding directly from the definitions
in terms of infinite series we may compute values of 
P&i for relevant" values of the parameter Cy
The following table was compiled by the latter method 
using the I*C«I,*i905 computer at the University of 
Surrey*
TA3LS 5
1 .% 1 : 1 m o  A * ?  i - ■ ■ P & i C c O I Dl,6f/) / % ?
|o.2 -*0*4781 -14.94" 2.2 2.2874 I 0.0537
0*4 -0*5552 - 2*169 2.4 2.0252 | 0.0366
0*6 -0*6665 - 0*7714 2*6 It5554 |. 0.0221;
0*8 -0*7856 “ 0*5826 I \ 2*8 0.9173 0.0104
1*0 -0*8587 - 0*2147 11 5.0 0.1491 0.0015
1*2 -0*8096 ;- 0.1171 j 1 3*2 j -O.7075 - 0.0054
1*4 -0.4668 -.0.0425 j ■3*4 !-1.6031 - 0.0102
1*6 0*9562 |- 0.0584 i 1 3*6 |-2.4785 . ;- 0.0133
1*8 1.9525 j -0.0857 j 3*8 “3*2562 - O.CI48
2*0 2.2922 j
J
- 0.0716 4*°.
!
-3 # 85I6 |
]
- 0.015 0
As increases it may be deduced from the periodic
properties of the Clausen functions that fy
oscillates about the <p - axis with amplitude decreasing. 
I / r %>CSrb * / *
We observe from the above table that to within 
the limits of the present approximation the"maximum effect 
of the boundary ^  for a fixed value of j3 occurs when 
^ * l*or- the sake of argument we
consider the case of the disc securely attached to an
A
infinite slab. of. thickness <& . Halving the results
(3.4«15) (5*4*16)? substituting in the appropriate
values for A © , A  2, and A 3 and setting I we 
obtain * .
^  c i i  £  / -  0.2 ccz + o . i % 2  k 3 + ofety £ (.3.4.17)
(3.4.18)
,' / 4 r ,;- =  1 -  * 3 ° A n  + • (3-^- i*t)
It may be seen that the last two results predict 
that for M  ~ <. O. If the percentage difference
between In, an A " l£ ^  or. <k ■ and • does not exceed» VJx ^ CUiU. Wj,
1.2; when s. 0.v» the .effect of the boundary
accounts for 2*3 per cent of the stress couple and 
when U 2 Q.g about 9*3 per cent. To test
the reliability of these results the integral equation 
derived by Collins - £Sj and Williams D&3 , who
corrected an error in the first Authors work, has been
solved numerically* They find that
j O -  - g ^ n c O S  S60 CcoiU'x cW , (-.4.20)
VA
where S60 is. the solution of the Fredliolm integral 
equation of the second kind
S60 = i. [ x aIU x - dUx fclv *1 +
' (3.4.21)SC 6 L-g 13
with ' S 6*°0 s S (so)
*•
and ]£ 6 o O »  J* r  ^
•h
The corresponding result for an infinite medium 
is obtained by omitting, the.infinite integral from the 
kernel*
A computer programme has been developed for 
the numerical solution of non-singular Fredliolm integral 
equations of the second kind with complex kernels. Using 
this programme values for K, have been computed for 
both a semi-infinite medium and a stratum. These result: 
are compared with the corresponding values obtained 
from the - perturbation formulae.
TABLE 4
Numerical
soliition
Perturb­
ation
Formula
Numerical
Solution
j Perturb- 
I ation 
I Formula
,* ■'
i
ot
«(<©)n, '>»
Error
K, fe-/®) j k,
Error
i o
0.1 5.3227 5.3223 O.oO^ 5.3237 | 5.3232 0.00^
0.2 5.2915 5.2907 O.oiS 5.2990 | 5.2977 0 ©2.S
0.3 5.2416 5.2373 0.08 5.2657 I 5.2605 0.1
0.4 5.1758 5.1627; 0.25 5.2295 5.2177 0.23
0.5 5.0972 5.0667 0.62 5.1949 5.1740 0.39
0.6 5.OO93 4.9493 1.2 5.1651 •5.1352 0.58
0.7 ; 4.9154 4.8IO7 2.1 5.1424 5.1052 0.72
0.3 4.8180 4.6507 3.5 5.1276 . 5.0904 O.73
0.9 4.7197 4.4693 5.3 5.1214 5.0955 0.51
i.0 4.6219--- ------ek-J4.2667 7.7
5.1236 5.1254 ; 0.04
The values for the half space obtained by the numerical 
method only differ from the exact values obtained 
from the infinite series, of Sagoci- £ * 3 ^ , Stallybrass 
[.if3 in the fourth or fifth decimal place. For 
example when o( . s 0-2. Stallybrass gives
and when «  s 0 . 2  Stallybrass 
gives - V -  21 T S  • Thus the above
table gives a good idea as to the reliability of the 
perturbation formulae. To show how the effect of the 
boundary increases with the value of the aspect ratio 
yS a table of values for the percentage difference 
between k> and ^  computed by the two methods
is given:- 
TABLE 5
OL 0.1 0.2 0.5 0.4 0.5 0.6 0.7 j 0.8 0.9 1.0
r  ' - —  
Numerical
•Solution
i M R
I J 
XJ6- 0.02 0.15 0.46 1.05 1.89 3.02 4.61
.
■-
•
6.4 3.5
■
10,9
Perturb­
ation 
.Formula ■
1 ^  j
if ivz O.oj 0.15 0.49 1.17
i.
2.281 3.93 6.24 9.3?
'
1.3.2718.-2;
The numerical solution of the integral equations also
reveals that for the’above values of oL and ^
- v.x/ - n  ;is zero and hi ie of :0(i0'/ this being consistent
with the perturbation formulae. Thus the effect of the 
r
boundary on %. ; is very large for this range but 
it Is clear that this has very little consequence on 
the notion of the radiator since ft* is very small 
compared with K, . We conclude that in the case 
of the stratum the perturbation formulae give a 
reasonable estimate of the influence of the boundary 
when the depth of the stratum is greater than or 
equal to twice the radius of the disc. It would 
appear from the exact results available that the main 
contribution of the error in the approximations for k* / ^
comes from the half space result ht as it is seen
that the perturbation formula for is in good
agreement with the numerical solution throughout the 
whole of thevrange considered. The surprisingly good 
results at : ^  -  0 .CJ/ 1-O must be attributed
to the oscillatory nature of the boundary effect.
terms in the expansion for the stress couple.
Further considerations of the stratum problem will 
be given in the next section.
We next consider the: case when the elastic 
material is a finite cylinder whose surface is clamped.
The stress couple is given by ,(3.3.29) in the form
■"3 -*»
^  . S. i 3 : (3.4.22)
4* Ofe, B .
00 • c~-)
s'jv / "  ' <*■ f Sf>
where
with ^ &-/L - O(l) . • • When
lies tin the range is given by
x  (m >
and,for: <  v%. A T, Cp/V) .is real;, thus . ■
W, : «? i A t + « %  +.;£«.
^; ■+.'0(^t ^  3  (3.4.23)
and from (3«4©15) we have
When cp <, ^ '72. the oscillations of the inclusion 
are in phase with the stress distribution on its.surface.
.Fortunately the infinite series T . f c v )  
converges rapidly for |?= O6,0 and it is a simple
matter to compute numerical values to the required 
accuracy. The following is a table of f t i r ,  
compiled by the author using the J.C.L.19O5 computer 
at the University of Surrey. The values given are 
correct to five places of decimals.
TABLE 6
/ V  ■ h t r , C ^ t
( ■f---------------
“0.5 1.50'|0 0.0472 0.0022 I 0.0001
i
0.0000
0.6 I.3556 O.O525 0.0026
I
| 0,0001(4> 0.0000
0.7 1.4243 0.0597 O.OO32 0.0002 0.0000
0.8 1.$098 O.O694 0,0042 0.0003 0.0000
0.9 ; t 1.6156; ; 0.0329 0.0056 0.0004 0.0000
1.0 1.7470 0.1018 0.0080 0.000? 0.0000
1.1 1,9113 O.I29I 0.0119 0,0012 0,0001
1.2 2.1200 0.1700 O.OI91 0.0024 0.0003
1 *  I 2.3913 0.2346 O.O334
j
0.0052 0.0004
-I
1 . 4 2.7592 0.3455 O.O657 |
1
0.0142 0.0033
1 0 3«3046 .. O.5668
. . * 
0.1579 I 0.0519 0.0184
As approaches a value which gives a reasonant
motion in the cylinder i.e.
jQ S
vi u C*
we-nave
becOH10s uhboitnded* lor example 
c^ (^s )s.a. l it *2. : . and . \  (| O o ,  ^ .o|s -seas.
and as is to be expected the effect.of the boundary
becomes very large. When jp s- 1, £4"=. h .) the
influence of the cylindrical surfaces tends tc.be
greater than the effect of the parallel ends 
t z z t i j  f>€ £ )  .To-illustrate we consider
the case of the disc with 1
k, ^ 'I
k, ^ O  6
and W, /
,3/.-and it is seen that the coefficient of 
.is .over .three times that in the case of the elastic 
stratum.
The last example of a'clamped boundary to/be 
considered'-"is the infinite cylinder ■■--ad
In this case the stress couple is given'by
- oliCi /4«
wnere
8
4-
X 3 . k - . l t )
4rdir - li­I 0 lbptDgrjSKOG&r*
ft1  i/o
with ' & . r.
r-
10
av\<s\. ,ti> <  ' c3 < hj 
.rn, *n,-n
O'Z7<^ < /v' 3.8"
the finite, sum in. (3«4«-12) must be omitted and the 
integral between 0/ and is no longer a Cauchy 
principal value integral. Mien the radiator is a 
disc (d *4 • 26v is. consistent -.'With the result given
by "Shall [,151 who considers the forced torsional 
oscillation of a semi-infinite cylinder* He gives the. 
next three terns in the expansion of the stress
0)
couple and his analysis predicts that for <5 <
i.e. when no travelling waifes are generated in the
elastic materialy is zero. He has also observed
that the function appears in the work of FVaerikel L & l f i
who has given a small table of values.
STHESS'- HRBS " B O U S L ^ R i E S  ",
When the finite boundaries' of the elastic - 
material are free from surface tractions we find that, 
as in..the case of an elastic half c^ace or infinite 
medium, the oscillations are out of phase with the 
stress distribution on the surface of the radiator for 
all values of the frequency. For example in the case 
of an elastic stratum the stress couple is given by
g{*>= ZaijAfid) £ a 0 n i ^ & p u i i V V ) - ^ 3]
“/ T  ■ ? /If - “ -
.wf £k~ I V
t w 'tuir k, / C ' V -  I >  ^  + & & , £  « y )
f i t ,  ' ' . (3.4.28)
k r / C  = I -  i ,  W£na « -  ^ 3  - (5.4.29)
The, function is expressible in terms
of elementary functions. Fbr example when ^  <7T 
(3*3*32) and (3.3*38) give
IUu (<p - U U  ( 9., / >
b  3
(3.4.30)
same way as; M ,  V  and we have the foil owing' t abl e
. } Cjr :w!/
V 0.2
j 0.4
j 0*6 
I 0.8if '
J 1.0'
! 1.2
r;| . ■ •_
i  1*4 
j 1.6
11.8
:pc..0
j 0.3509
j-0.0697 
j -0.4802
1-0.7948 
1-0.9611 
|-0.9552 
1-0.7598 
I-0.3854 
I 0.1501
! 0.8103
....
i
IO.964I
-0.2721
-0*5558
-0.3078
-0*2403
-0*1379
-0*0692
-0.0235
-0*0064
0*0253
I U&)fa£-
2.2
.
1*5387 1 0*0361
■2*4 . ; 2.2509 0.0407"
2*6 ! 2*8195 0.0401
2.8 3.0353 ; 0*0346
3*0 2*4680 i 0*0229
3*2 ' -0*5879 -0*0045.: ;
3*4 -2*4669 i -0*0157
3.6 | -3.3595 . -0.0180
3.8 j -3.6835 -0.0168
4*0 j -3.5624 -0.0139 j
When C|r-f end the oscillation is a. disc-we find
h . / C  = * o.aov/S'5 + o ( f )
* h i / f 4  ~ 4* 133 % ±  Oand
(3.4.31)
-Consider now the stressvVea finite cylinder; the
stress couple is given by
( j 4 K )
and we find that
i v ^ 3  L 2 ^ x4(?^ fi>is (fy)3
4| (3*4.55)
v>j./v£). ! - i,3 L h<?+ +i>m^ )- 2^  ]
«L AAV5 VC^ U'CTO UJ iur W11J.UU jre^ uixaaioe occurs are . given
by
r  +  ft* ? (M  -¥  r a
When jp- I the smallest of ■ these : 2 ft
thus as the frequency of oscillation increases resonance 
occurs' much earlier than in the case of the clamped finite 
cylinder. The following is a table of 5^.(^cpl
O fr
j0*5 
|0.6; 
0 «T 
0.8 
0,9 
1.0
1.1
1.2 
1.3
11 «4 
1,5
-69,407 
-49,986 
-98,0^0 
] -30,810 
I -25,689
j -22,052;
| -19,376 
I -17,347
j -15.764
-14.493-
“13.443
-5,6410
-4.4827
-3.7945
->•
-2.7480 
-2,4982 
' I -2,2384 I 
-1,9448 1
t
-1.5950 j
-1,1647
-1,5773 
-1.3409 
-1.1660 
-0.9953 
-O.7909 
-0.5183 
-0.1353 
O.4224 
1.2714 
. 2.6669 
5-3291
When’.
k,
h u m
ana the. radiator is a disc we find
J-
I *f~ <k  7 2A'; ^  ' O
I . O & Z  4- 0  &% Z)
thus even for. small aspect ratios the boundary effects 
on the stress couple are significant.
finally, in the case of the infinite cylinder we find 
from- (3•3 * 34) that: .-
^  IT C?A SU^):r % §\ 0 4- oC*Tft;
(3.4.35)
«t (p!
, />**) 1 (3.4.36)/
where
,c f , M.| It-FLJt)] .Ul
H 6 '-£w  “  TT V.T.rtiX. . s r n o
'ALe [ t U x w j e s -
old)
4'}^cmcy , ^ 3 iy 
with fc, -ciii- and ' %  ^  ‘ If V *  ^ ?
the finite series in (3*4®36) is omitted. Again this
result is in agreement with that given by Shail Ds3
when the radiator is a disc. -We note that whatever
its shape the radiator always generates a free torsion
wave of the form
which travels in the positive' X- direction in a semi­
infinite stress force elastic c y l i n d e r C <  ■g.<«o) 
a ~ > ^ ice the. stress course is always out of phase 
with the' oscillations, Shail DSj.haa calculated the 
amplitude of this wave when the radiator is a 
disc and he also gives the-value of
THE STRESS COUPLE 01 A SPHERE OSCIhliATUG II AH 
ORTHQTBOPIC MASTIC .MEDIUM ^
suppose that; K* — J y oy
(3«2.30) the sphere. (R2H-rZi^:r cf*} transforms 
into the oblate spheroid p which has equatorial 
radius 1 and eccentricity [ T - w  . i t  
follows immediately'-from. the.concluding -paragraph 
of section (3«2) that the stress couple acting on the 
sphere is given by ■
■ w .  ^  « u
where >£? = t W *  ( J ^ T )  , *  = , $  c
' & &  -
and | Cty*) represents -the first ■'■order effect of the 
external boundary, for example if the elastic material 
. is-bounded" by the t\Y0 parallel-planes 2J. s. ±- -O. L  t 
then fy /'-- <  I X.
7 f « )  9 X  h  £ Pi,G f )  * 5
b *  k $ z
and it is assumed that . when <X is
Similarly :ff ,;X ^  ^ ' the sphere transforms in to r 
the prolate spheroid § which has equatorial ir&Lus Cu 
and ■Eccentricity. -JT—"x^ ; thus from the expressions
for A® , -^g, and A 3 for a prolate spheroid we find
• h  C?<~:3 c Z O - X ^ X 1 + x h Y  (-2 £/-xt/££a-xs-j >f- J W F
j L  (1= r r ^ t r
- : r e ; _ g x K i- k 1)3 i (3.4.38)
-h
(3*5) FURTHER - OOflSIBKlATIOITS 0? THE STRATUM PROBLEM
. .When the, limiting process is uniform
and the infinite medium solution takes a simple form 
it should he possible to apply the boundary perturbation 
technique described in §^*4) . This eliminates the 
situation when a cylindrical surface, is present since 
the occurrence of resonances renders the limiting • 
process non-uniform* Ihus we are left with the case 
of an elastic stratum* further, the only inclusion 
for which the infinite, medium solution' takes a simple 
closed form appears to be the sphere* c.f*Chadwick 
and Irowbridge {*51 We * therefore * analyse this case
: in order to examine the influence of the external- , 
boundary Z. s*% L on the motion at high frequencies*
. .We also derive a formula-for the, stress couple on a 
circular disc* valid when the wave number,is,of o(0.
(i) • THi^  TQBSIOilAL OSCILLATIONS OP A SPHERE igMSPBSD IN AN
"-M astic stratc.:
■ ■The boundary perturbation .equations for the. 
determination of an approximation for CT when S 
. is the sphere h~s.j are obtained from (3*2*15),
, (2*4,2) and (2.4*4) -*-n the form
: : r ' W e ’-p,— ,
I li-c'I A-u
j" j  ’ W  /e ;
% .r |
&‘l '-C *Jo Jq
•» (3.5.1)
I j e  )
<o W£> \ r ‘l Ar'=l
(3 .5 .2)
{reS’t^ «ras /
C(z) s GcO Cb) +  + (ems. (3.5.3)
It will be shown J3a posteriorifS that the error in 
(30*3) is of O C T L f O
The free space GreenSs function : .
may be expanded in an infinite series of spherical 
wave functions E!2-&1 as
2&«*>vn
^ ■ |  * 6- > r.) (3.5.4)
whc-o \,rx) ■ and. .'■■are the spherical Bessel
: & y - ' ' 'functions of order vi and .
Substituting* this expression into the left hand side of 
equation (3*5•!) ^ integrating term by term and 
making use of the Wronskiah relation for the Bessel 
functions v;e obtain
; ■ pi* f2^  ' #• »' ». It i
^ ( , 7 ^ 1  W « ^ 3 . 5 . 5 )
The structure of this equation suggests that we seek 
a solution,of the form
(3*5 *'6)
Using (3*5*6) the equation (3*5*2) for the determination 
of the perturbation source density C^^^jcah be o&sf 
into the form.
■ '.a. p »3 
c( Oo$(p v
IT ' " ' ( i )  I I
* 6t‘V«> e;r>')Ar'4©' -
D
•>
i-.
© y © te-r'i /V,| (3.5.7)
(£&$).
.01
vrhsre d / i p  <■',©') = £jf (fy a; />' , , To solvi
(3*5 *7) we'-.assume that V
ofC&) = i
(3*5*8)
yrhere:. /  = )/L
It foilO.V3, integrating term>by..term on the right hand
-side of (2,4*7) r that 
i .'fir “
i  -2rr><* to<5> X  C&>.
^  C^-yi)!
Multiplying both sides of the equation by /2M^ fe>lh) 
and/ integrating .between <b and ..-IT we find from 
the orthogonality relation for the.associated 
• Legendr.e. functions - that
O
If JT
.0)
It remains to extract from q, the dominant 
term in S tv. iu^) for small j& and to compute the 
corresx^onding. approximation for the stress couple*
From (3*2.20); we '-have ^  p^ . .
M p t )  - S'ff^o.y^e £  j  {&)/m2sJ.q +  |
■ ■+ higher order" terms' J?
ana ecqaations (3*5*6) and (3#5®8) give
4- higher order terms J? (3*5»1C))
0} ’ jA :
where is the dominant term in
for small :^ 5.' * We consider the distinct cases when
the stratum faces are' (a) clamped and (b) stress free.
L . ; CLAMPSI)
■'The'appropriate Green1 s function for a pair of
clamped parallel.planes is' &  A S }  and' from that result . 
we-have . .
L ^  , AKXfe-Q^-e. /3ih 4  fly? ) ^ M kG , f z-,pA')~
6 0 \ zoiU'oL
(3.5.11)
•whare d -  and 1  are defined as in (3.3.25). This
■ expression is rearranged .into'the-form
Gj'Tt,©)-}"' &’) = I ^  ‘ ~~d {krleuiGty^ flcf-yaittgJlglk
' ' ' TidZtl
-&L
„  | ' h  7  A(W£^a©!)lC^'»'a&^)3i(iCr,‘<*,t»®') '3»(*f,fv»i«4)tellc. 
'I A  ?! ai&M.
,■:' :;.'. h  ': / ■ l / ;-;'V / / : ;:../ ■ > (>.::.12)
The second term in (3*5*3.2) is anti-symmetrical about 
©  ~ W t  and clearly - iaakes' no contribution to 
Thus, after interchanging the order of integration, we
find that ^
P,* (££&&) ck&OZ^i
X f ra
IT
■gmt‘
—  f  &  ^  ^ 2 k ( ^  © .,
2.!?/A) (3.5.13)
■■■■ ■ x  f ■
Y/e now use a special case of Gegenhauers1 finite integral 
qq also Morse and Feshbach E^-0) 5 the required
•esult is
■ _ k«* . . .
f/ Css ^ej©)rv4Scl© — O, -(j*- J,
vi° (3.5.14)
Cyi-:g&A)
h ■ * . ' , 4
it' follows from,this formula with lfiw\Uc kr,/
that it. •■
\)q "; •- o  : ( * i ■ (^-5»15;
On making; us e. of. this ra sul t with (vi s t) the ronskian 
relation for the spherical Bessel functions ana the 
integral'' r ;
K r  fc3j a
equation (3»5*13) simplifies to
it,
(■sT^ -O kZ f Pixe»d)<kb^$ A
;T4i*K
A further application of (3*5.»15) then gives
- ■ ©  ,
(j.5.16)
I I
l.n-j C%),
are ; the Gegenbauer -polynomials
■of variable.
v/her
a a*bus the change
(3.5.17)
gives
0
mere Cl sud (1
yQH2.fr.
-S bile image of ths
contoiir '14 -undor tiie' -tranSiOrnaticm .bunco
.tha integrend vanishes as .*6 .■"■'.■ •■:>■:• icay deform
thm contour :f‘0 ; ■/ - ohe straight X:r dgg
ouoei: m: .vo
/ [ ‘i i I  & * * . gu-;
fro uoljuiori.dls gnmorbjd by '
■ s r i-iiL >. t  • ■
V*<4 7 8 .*-. ■
c-.-r-u-r, rfr+t; -  ^ n ^ ^
lu. "I c v  * t, -v o-> - s*,/ it (*> = -1 d s o X ,  " k k
v
j
_me* .‘u.:;:-'-.
.. U d d - U -  T.
I . •.«.* ■.-•• • -^ ve / ..
A  iit ('C.) « . ln-r s-
V“'- A,-'*! '
-rt ;  /h) d  y f ^ P c ^ o / ^ c ^ i  p m
fi \ 4  i n ! 1  ? TV  ^  ■
! ..olo: 0.0 if -T t- ■'*■'•■
if fg&at,f § ■ ■•■■■■v
contour' Into 'the',straigh
line path wi,&) - ZC ^  O , & fr)
■ itmeasly verified7;that the domisiant: term in^ thisp:-: / V 
oppression for ceall is
ft 1 r . -tC^'rkJ. t _ ,
' ■■■■■■■■ I ^  ■' _  • ‘” ’7 1
2  t  y . a & c t g , )  ■
t >
■ C *
v3u5e21;
.Hence; for ■tiiisiapTU-ioation iheVsepond term on the " 
right hand; side; of ieqnation •:(2/b4v4.)-. ':i:s at• least'. of,"' O (f- 
his carding- terms of;: \ 01b r/:'.. and- :• higher 'it is found th<
M &- fi i e " ^ - j  , ;
‘ j 0 f  (5.5.22)
Hhsn ig-j v. ( (h ^ thl) -is -exact, ana ■ following-' the " -V . . '
■procedure v/hioii lad' ;to':'. (2 *3»28).- we" "find- that.:'
B p f s - g /  : ..
; : ; , . IpO  ; ’ ~  Cgfe-g/P
: :;\;: '■■('SHihe' ; ; / -> o,h/ ; ,
' e>-sgn.-• P -
= a)'" £  J> J,g,) &ft
The- tangential stress component — ^ p
acting on the 'surface of the sphere ■ is giver. by
C -?~ cy£ \&)
v3
O I-4-ss£ p) ^ 3
TTgJTy'
CA. igs'|?V
(3.5.22)
and:.the stress couple M ( W  his.obtained' in the form
w 0 ) =  f TtzL
Cl*e$
5
'.(5.5 *23,
hoie that the second term in' this "expression' incorporates 
the contribution in , P- > : The error term as stated in
the above expressions is certainly true, if - s  G £ i ) '  
but; there seems. to be no -way of telling- whether -it is 
tiueofor high frequency oscillations'* ‘ For' example if
o:
oC a ;;e>
" r':oi
■ /tic
md the term i „ &  contains a factor.
the error'.'is in fac t, € > [ £ * ■ However
tailing real and imaginary-' parts' v/e. find
.2k, =- V ;
i
4- Off,.,
.3 it, . ^ 0 ( 3 %
J .24)
where  ^ si Cc^  -  S *  > k V -  sn^J/zG*.S)
ChtdK
 ^ fT £ L<*&<
^  ^ ' -* Ukjtfy) l &j*\ 2x£*iz-j) rf 2<k a®Zsxj J.
■ ) uv ■;
and
6 " ^  . 6*-«)
How; ■ and ; d  iu<v> 'oscillate with
amplitudes Increasing;as . . &£• • increases,eg*.
\lL ) 1 iy) .'
thus fU .and fig, oscillate -with amplitudes' decreasing
as. V;/« . We conclude that the effect of the boundary :
on the stress- couple decreases' as the frequency of ; '
the ..oscillation of the S|)here increases* Shis is..-';
fJ/lustrated in: the following table for — &  J,
with ^sD'.;S V.and •” ' - . - . o C sr l ( t )  j Q  • . (see also.■ fig.1^-3)
tjlblS'<! ' 4
5--
I K. ! t }
1*0 0,64965 0,73274
2*0 j 0*98435 1,08850
3,0 ! 1.02369 0.97428.
4.0 i 0.96770 :■• 0,99712
5*0 1*00082 1.01316 .
6 0 ' 1.00581 0,99286
7*0 0.99122'- ; 0.99414
8*0 • 0*99993 ■ 1.00490
9*0 1*00323. 0,99.692:
10 cO 0.99728 0,99684
“ j
•If ’ &  is snail such that then
expanding each tern in (3*5*23) in ..of' <  .we- see
that, the result is consistent v/ith the perturbation
formula (3*4*2)
'•Tnriti
PIC-. 2. P ^ r  pp.- -
■ FOil a ' S f H ^  cBL
b.
,/
(i(>)
la
o
F Df4 i!-i SPftfegiCM-
•mcuiSi Cfti
o
Zs.£.L stress m m '
in this case, the appropriate Green*s 
function is « ■ . m  and proceeding as before 'we find
i _ ^ 3 4 2 « V v < ^ ) _ a 3 
C^sl W  ~ k«>/«£)
‘h.My  tffis
of/>)
(5.5.25)
and.
^ r ;  -. i t
(:ii) - THE TOKS.lUKAh OQCliLlglOWS OF A RIGID DISC BMBSPDBB' IN M  
■.■ iiiFr^ifg sghigizi , . .’
The . solution .of the cxwS«-.cal Reissner-Sagoci
problem tu  is in terms of & a  mite series, of'spheroidal
. wave -.functions • To perturb: ;on this result by; the .method 
described for the spherical inclusion would be a':very ■ 
tedious .procedure and the' resulting series would " h a very 
■ slow'to converge for large values of .• .the - wave' number. - We,
.;•• therefore, adore a slightly different - approach- 'which gives ;
.a formula for the stress couple valid, .when ~  0 
The boundary perturbation" equations for the 
■ determination of an approximation for t r ( ^ )  are obtained 
from (-3*2.16) - in-,the form ■ -
;.Seit^ in (5.5.11) y-re find that when
the* plane.- faces,', of the stratum are '-clamped
-ZllOw-H/hi 'j; (3.5.50)
On/making the. .change of yai'ia’olg k - *«£*■)*
and deforming the contour, of ■ integration in the" n o w  
familiar way we find that
r°>/ 1. v h ^ * - 2lt+V
Hi 1 s*>)r fi-i & ~
1,. Aztlr+>$
LsVu-i
How
•X (i
0
. 4-5
(3.5*32)
thlls ^ provided ^
3 /, o) c' . | ^ e  ■•' ' r - l $  tcU" , >  0 I f )
-further, we deduce from (5.3*28) and the periodic 
nature of the Clausen functions that
and higher in (3 *5.28;
find
:and ;coinparisig;:this;/:equationmith. (3;<.5 «27) it- is clear; that
If we denote;: the stress ■‘couple on the disc when-it is 
oscillating -in an-infinite- 'medium b y
ZTic^cictypp)^ 4°
where h, — k t + — £
4 Z p t ? O p < p !
4- &(£*)■
Further, vs point■out .that the'corresponding results' 
for ;a stress free stratum are simply obtained by. changing* 
the arguments of . the Clausen 'functions from to
As. an/example of the use of (3.*5*35) and (3*5*36)
. we. consider the ;cs.se > . From the :
.results given by Stallybrass M  ■ it is. found that
h , A cy  * 6 ^ 7  ...
and . :D,S!S :
••Solying Qollih5 s Csj integral equation numerically we
■find:/ ;. ' ,F.‘
\ / P  x . : r ":
and. lij /Kz s. O.f1}
•’As the wave number increases for.a fixed value of ' ■
we inust expect: the accuracy, of (3*5^35) and' (3*5*36)
• to.deteriorate*" This Is because in the expansion• (3 * 5 • 31 )• 
there.occurc the feeuor willcli' is of- 6f<) ■ when.' ofr.O # )  
Eowever, .it. won! 1 r pear' that•"(3*5*35.) and (3*5*36) provide 
a" better approximation than the theory of Awojobi. Dol, .
Be; maintains' that a good approximation to the stratum 
problem for values of - ' z t & C ,  '..is -simply derived-' .
by substit1using for 0 ('. -in the results ■ for the: half space 
the ”modified frequency.. factor15 j ? - /  . This result
■predicts that- for■the above example
as ;
and Sii./£1 ~ ®-C‘
While the c-r.pro::nmation• for ^2/bis in good agreement 
with the numerical solution the' value for differs
from the mmsarioal result for by more than the actual
.-A.;--''.- ' P
effect of the exxernal boundary* , The reason this 
lrrg'3'diGvCreyauc;, occurs sterns frora. the fact that Awo■;obi 
u. or an a - r cxi 2— x't ov* > ■Va-c., ^chcl ' i\g b oV oe V{
integral' equations. which is unsuitable over part 
of the range, of integration. As a result an important . 
feature. of‘.'the notion is neglected,, namely the oscillatory 
effect .of the.'-bcvmdary* It is the • opinion o f  thotauthor 
that: Awojobi has soiaewhat'-- overestimated the influence, 
of the boundary in the stratum problem in his conclusion 
that a stratum of • depth five times the radius- of the 
■ oscillator: is; a fair approximation to a semi-infinite 
'Modipm.'. : I
(5,6); VT"-P1AGJI0>: OF TORSIOm biiPZ- ?Y AIT All&ri/f jf.IC
COAXIAL' L-Cc"::iC OYL
It was shovm.in. (3*2) that • an axis^nsmetric 
torsional displacement field . U.^  in an '
elasticcoutinuum I. satisfies the partial differential 
.equation
dfb 4 R 5% I*2- ^  Cp' 3^. ... (3.6,1).
Cgc is the velocity of propogation of
... * fe ;
snear-waves in the-medic- If a progressive harmonic' 
torsional wave, excited by-axial cduples'. at infinity,;
Is (incident on a rigid immovable crcisymmatric • inclusion 
or an; axisymmetric dislocation such as -a cavity; or ; ■ 
crack then we .represent the motion in terms of the;•' 
dimensiorlass, displacement field given by '
( A  4 ) ~ « e (3 ® b * 2 )
where' Gw .is a rypical dimension: of tile "obstacle -and 
£, . ■ ■- -a.typical displacement at the incident-
wavefront» Equation (34*6*1) .gives ...the. partial, differential
equation for the determination of- . • \ T ( f j  ■ namely
3lr- 'a I - iL .4 t s  ' .poCZW  rrfe / - \
f  of f-: ■ 3 A - :  , - O . W W
where s: . - .and by the- principle • of
superposition:,we--\iray-:exp.rei33.. ,V~(/V2p in the form
«* 0 r-;-)
■ -i-
where m  is the displacement due to the incident ’save 
and tis represents.' the- disturbance -generated by the 
scatterer. It is clear,therefore, that \Tj may bo 
determined - independently of ..Vs and the solution used", 
to investigate the nature, of the scattered field itself* 
In this section we consider an elastic cylinder $ which 
contains a'^.a wtrieally located, inclusion or cr&eicj we 
therefore firsu investigate the- possible forms :of the 
( incident - wave • •: V '-i’ ' ■
' : y (/' v
i Bormalisapafated .solutions of /equation.,(3*6*3.) ••-. 
■which. are. .finite jon;the axis of symmetry are
, tT, (ff) e  / '/■ .
. S ih- - and L o eb er Mi have discussed the solutions for an 
-infinite elastic medium5 here the material.- is 'bounded 
.-by--the - circular cylindrical ■ surface (y® -< ^
and.thus the ineiasnt wave analysis is essentially/'a 
normal cede analysis..,'
■, - Firstly, consider the 'situation when .'^>r h'-
..'isidisplacement-:free,- 1 *ev. ; : .. -
J (^-2. ( 3*6.5)
0 i
The separation oenstant jX rust take one of the eigenvalues 
";^ ore .
and - are .arranged in ascending order
of- magnitude; further if *01 is to represent a progressive 
tcroicual rave progcjciing in the positive Zr direction then
\J\ : e ' (3.5.0}
where it is assured ;that ;
and;, the factor ■ u A > . is adopted . for a reason which will 
be apparent; labor# In this situation;tke modes ’ corresponding
do not propogate and thus if
. ■■ 0)
,^ g'- - <g j 3’"’ %
•there is no incident v&v b ,- all inodes being evanescent*:
if - { ^ M ? ) ■is stress. free we. require'
% R ( -, -  O...V
i*e* f l v ^ X - -  0  ,  C f - 0
*- ■ {■. -5-; • * .* V •- • .- </,
ibe corr 0 i uing travelling waves are
(3.5.7)
where are wiie .zeros. of
/ w
; c p  a.4-) - o  ;
arranged' in ascending order of magnitude and.
/
yUf.\ <  <  <
Another solution-of (3*6*3)'which also satisfies
(3*6*7} is tho free torsion v/ave .• &il given by
-1 cc
e  ■'
—  1^*")It is convenient ;to. let ylA© s. O'- said allow the index
^ to take one. ox-the. values • -* j
so that (5*6,.9) is a member, of the set of solutions
V \  /.(3*6.8); henoe the reason for- the.factor - ’
■furthermore, - in all cases considered we may.represent"
the (incident wave by /.
where 'yn . ; or ■ 1  depending qh whether . ' 
is/alamped' or . stress free and I is chosen appropriately* 
file .fees--torsion wave:- { j - O  / v&sl'ZJ is the- only. • 
made of' vibration''-.which .does not experience the ^ cut-off11- 
■phenomena described above «yC.f«, waves in electr©magnetic-
-theory. . If .;■ - id
(ii) Saif?3SkrTfi BY 3 . IlfIt BSOTABLE SPHEIOmh XHCIffSIOH miBBBDSZ)
.11: Ah ir?IITCh. CQjZCilX 1SLABT10 C t b B U m .
Xfe new consider the (scattering, of a torsional . 
stress wave4 of the form (5*6.10.) .by a rigid spheroidal 
inclusion which-is fixed in position in the coaxial 
• cylinder. The differential'equation satisfied by'the 
scattered .field .1/5'' is
( v V < >  v s (3.6.11)
■ arid if the elastic material adheres to the surface > 
of the inclusion 7/3 require •
irarthermore« - Mist represent. outgoing w-Sves as
£«*& and must satisfy the same boundary
. c ondi t ion' as - : -. •; wi According to §(2.1)
the . solution of:: the .boundary value problem for . 
is given by-
I I) Ct*#* C?(f'j & > M S y ;6i:eT)
r1 6rs*nv}j
. ■ -Lsi L - ■ . -j :^ ; 1 SV ^  ^.ixeS:
■ and is the Greenes' function.which, satisfies
the differential equation. *-
the sar.3 boundary condition; as-.^ Ji/'-and -on- 
and represents outgoing waves as' ' ■■■■•%, -$>■ if©£> 
lu is clear from (3*6,1-2) that Cr^ Jsps) is- governed by 
a iredhcin integral equation of the first kind, namely
|- v<"
(b$ '*■ y
■Since.; ^  for ; 5  <&>;•?.✓ V3,. .. , ^
we; may express in the form- •.
■ Ci, v» *
0 ' .
vrhare fct' = =• O.CO •
and ^>9 - «JI«* tj*”’ c. O £ U
Oc.rr'inr in powers of <34- we. obtain
£i“ ( L diX^ * ^  if )
) r  1 *■ ■• %. *- lu - ^ . 5,. ■ k-
%  *  6 ( h  { S "6'1£)
In •'§#.:3):;it' ms-shoi/ii .that '^ hen '?£ and /^§- are
small-"-, : : ;
■ ■ ;■* In' .
I l l  i f - -  . =  2 n  ■**/>/->. q & * ;
.where ^  '<*{/& ‘z-.&li J
further-; .-.is.'^ iTen .“by (5.-3 #4?)/and 1 ^ ^ )  ■'
is g i v e n  by (3.5*44)-' It follows .from this result,.:' 
O s 6 v l 6 ) ^  (2,3*4) (2e3«5) that the pertiirbation-
e-auat ions for the .deteriidnati-on of-:an approximation for 
i in-'tke form - . . ' I
■ crs '-V..ec3:Pi ;+ 6te*):.
0 #  -  I :<&$'& t CZ. B$ \ .
" ‘• ■ V ' ■
a »*>)■ . .: w ; [ CT‘ \Pj 0°^$* -d^^ ■C~4*.’*).s : ' 
ft & y *p <sLto»4 - \ Y J ~ J . . ?■:
■v *. * J& • U £ r£ *l ■' • ' (3-6*1$)
c ® #  f- i  (
0 )/
Ah* ifisPjVj. * «»■V * -M£7, £» ^> p| /
d
' s - 1 •' OZ-fasZ,*) cz&'-p ■ ' (z&Vj . ■ p -
.1 1 -r— - A, ; ■ 0-6-19)
' "V : us ■ ■ i t - f  I
1  «• - i # V 4 ’f < - C i / )  4
. « 6. 2. 3 ir s^i
, . / t  - A / I f f l  »•' ? ')*W ?- ! 05p /e )c » # 'A S  £VeS)..
' % r £lj . c3,6c2o)
Consider how a prolate spheroidal inclusion ; 
■on the surface. of the .prolate spheroid ^ z . & ' d )
SXIQ.
«S? ^ | «» _ ^■tut* %i» * - - \aP "Ac■■.wriere -p
• and ■/■■£-. is ' the eccentricity,, Pirns'"making use.’of the 
relations :
and.
■ * ■ AO' C££>
we find the solutions from (2*3,»20) and
;(2-o.*2l) . in the fora
' f
G*v
£h4©€,
(3^6^21)
c* 'd -
t"Aagfe
2d|’a at0e. ^
'/7s:/
3
(1 9.0 ©2 2 )
c a a )  = * *  /ffky.-cftl
kudo ? “
. 1- f W :
■ f^t "' .■ ■:■.'■ ■ ^  .
(:3 *6^23 i .
o i f e > w  ■
r i . f o f e  ^  , / 7 ^ ,  , ©
fjce®)1' _ S - « 3 f )  -  a S 5 o
.£©)
(346.24)
/with ?r *  £  w  *  >
The ^ correspondin'-* results -for the -oblate spheroid • ' ■ . ,
\ r 0  yti>)ai'e Quicliy obtained by replacing.> ' .'by- .••* * £ “ •* I . • / * v ^  ,
■C|;6e>■'joy0*) . oy C|- ' • •
and v&© and 4r© are interpreted by. . ■ ■■'■' ' ; -v
■ ■ - • r
' »■ ’ ■ ' .  A
■ ■ j*  =  c - w o w . ;
We ere now in a position to/calculate, 
approxiffiations for ciiantities of physical interest' such ■ • • ' f *
as - ( O f )  the.stress couple exerted'on .the'.spheroidal. -c
inclusion toy the elastic. material and (4*) the scattering 
coefficient of the inclusion©;
,ffc).SyrL. 5S OOuPhd
The stress couple exerted on the rigid inclusion 
• is "given; by . v. .
unois •aVi*. is Ua elvr.vent of surface area of • *> 
in. ( S ‘ , y j / £ , ,  /  -cci’dinate systea ar.fi T s is the
(3.6.25)
tangential stress component acting on 
.Equation (3.2*18) gives
.'Since : m - >  the second integral, vanishes and
mb have r - -
\-***)*• U » ^  (. (3.6.26)
: ' V  ■. . ,  - ^  ; : , ■■■■■ I
' In'* the>case of the prolate spheroid equations 
(3.6.21) through (3.6.24) '-andthe orthogonality,
relations,for the associated Legendre functions, give
' : 3; f .
-  e jM  A e3 j
■ s 5 - ^ > W .
(3,6.27)
i [ e -6-e“) ^ r
> > _  j. o,. 'Cl£e\
Wuere ^  = 2
Letting £,*$•«* va find- the result -for a spherical 
inclusion-, namely' ■
Hfr) ~ s ? £ , j
*4 • ■ ■
'Bhen e&.- is/the.. oblate spheroid
(3*6.28)
the .corresponding' results to (3.6.21) through (3.6,24) 
give
:* /  C W - ^ S j
1 i' J
3l s ? ,-6 - ^ ) ie]
v:here i f -
(3.
;.FihallyV: -letting,: I. ■ in (3.6.29) 'gives
the result for the disc, shaped inclusion Qz.'SJ^y^^ ( O > 
namely
mfrj- *£'J)
h  ■ ’ - f  - v  •
(5.6
-SCA1TBRING C035TOCIME .
... Truell and • El‘baum"L^ i -define the scattering 
cross-section-of-an obstacle' as'; the ratio.of .the 
average rate .at’which'energy, is-scattered away from 
the• obstacle: to• the average-rate at which • energy, is 
.incident .on-..unit-urea nonnal to the direction of, * • 
.propagation, this- definition "being identical with 
those used in acoustics and electromagnetism. Accordingly 
we define the scattering coefficient Q as the ratio 
!%/.£} whore ^  is-the average rate af which
0\
energy is. incident on 0  ... The latter quantity is a 
•more useful concept for Char .act arising the diffraction 
of torsional waves as for a given Z the amplitude oil* 
the incident v/avs is a fanetion of ^  •'; C<£(3 *6*10). 
Collins: flSi hay2 shown that,, corresponding to a 
displacement; field ii»& , the average rate at v/iiich 
elastic energy is propogatod through &■ surface.'. ^ - is.:, 
given :'by ./■'■■■ ■.a s
E a  , d  V
vmere • •. j,n .•/'/is•.•••the' stress vector' acting on
an element of surface area .4% • whose normal:is in 
a direction■■V\ •. It;follows-that •
I (I. n f V s '
^  ;
=  «0 a„Sli | .Vi (1^) ^
J ir.
■nhero’f;/ .-Hi • is the incident tangential: . •
stress, .component 'acting' or S and is t'he' 
niIlusinated!J portion of - the • sense- of -geometrical 
•optics-. Equation,-.(ft 2 EL8) gives- . /
£• X fffi o f  if n f >  t  . fi V: “ v w S
: : h  (did M i  f 3fl J J  - 1  W  &
C " fie' ' : - 9n ■ J.-s /> 3*v
.^ X ../ ; . ;■
The Integrand in the second, term' is purely real, so ' 
that, we have finally
p., ^ f k) co u 0 jut
^  ■ / J<r. ■: . J n
i?i f tTi .
Si. 3n (5,6.51)
■me averajs rats , at which' energy is 
ocatt^red away from S . is equal to the overage 
rots at which energy is transmitted through a closed 
surface fn the elastic material 'Completely•
surrounding the obstacle ''so" that' using a similar;', 
.argument to that applied ■ above .v/e.. obtain
• ’ 1 t o !  f  ^  cl-hCl -■ -■ JA* ■ v\ & ■ i■ ’■
' df-
•;hore denotes differentiation along the -outward
.■drawn- normal-, to . low if cm; equation .($*6*11);.if is
'clear - that ■
7  u s « j 'i~,
1;; V s J g  =. - * l) *  V  h v  : :
thus: applying' Gr.eeh1 s. - theorem.. .to - the.-.functions.
,'S)& , and-’ :;in the region.enclosed• "by § V and £ 
-we'-find /. - . ' ..s - . . -:
|V g-  ^ bo* “x - & .
J* , . &¥% '
'leaking, use.- of the fact that
* ^ s  os- :; ^ k %  . CTfo^) . p Cf;<2rS.'^
.<) vv,
and the boundary condition (3*6*12) 'v/e deduce that-'
P ; 
Cj C„ U, Ifn $^4 CT^zyciL^ -hyf
lowcver,since there , is no net 'ene y absorbed by $
i • bt V- (kb
h \ 
Q \
rviv*.-. ■% ?, & £» /** £%? «“ ■ U;
Cb«o«3b)
/ ' When' £. is ; a-spheroidal sixniace. the’.
- • ' 
“illuminated** -ooriion is': that half/ of ^ which
lies oalov/ the plant and'( 3  e6.10) give
?! !0>- & £**/ V T.' -
* .. s! <**& ^ ! ;^V-« / * ✓ , ->-
J s ‘c; L  / J/ V -  a:,
tj.i /  <) : ji- .■■■•- I
/ v:*i /<£
<$6*
rv
cuITS 0V‘cLJ.\lcl*Ci0Q. Oi
Pp-, ■ £H|
U iivw S p ii/pX * w wL ULcuJL *E> P-pj*. ctO p ’ r e 1 '
Siuniifying this eroracsion we obtain
..C'.t"0 ti ,
I
■oii-Cft; '“'v© * •* * *
H
■ <a
iLI s* ©
\ I u,de
ro lrc',c ^ Mir?U . w  v C>w«i.c Vb\
*% \ *h» ■+yz
■ H n ^  ■ «  v > " n . v s  - c» ' -•n<n,v,r/»T» e o f ’ i ''•■ 1 *»«• *»*»* U •»i,’ ► •»» *•»>■« ji, *& 1*w=#• >• -!• k-*
ix it, is ODiase • iixnanamt
aha integrating.; Tjsrm by
4\V' ft >s ■ « ** S „■■*“■ /• / S \
a*" S '- . ■ - y , ts-' I?* Uv'*** jU  n ' i y  ) -r W-' £U b ■ ■ t) ^  y  \u C u — 1 ■ " ~ ' -h-p
•-.- w w i i  w *.0 «h— i. . J. W iXw iX iiO i- O 0-^ -h P p  ' 1 ^ J} & i r  tr P  P  y liivii/p kj P
,^.pui,ded i a o  t _ o , . t -  ^ . r i e x  i n  0 i  u s in g  ( 2 . 6 . 1 6 )
j3 j. i)C L ^ !i. i j i^ .  'Viiw: T /a i'c juy ' - r e a l  ‘c e rn s  we x i r ic i
J- » • 6 . * !*- ,• >.— J. c• Mi .....
4/
f *«%*«
i y  i
? 4 fi*U3 V-*.
, <^3 •
rc* ^ i
 ^ Cf^  L
■UUC
t /i f .. '.' I 'W-rr -•« -•-/fPI Z./OT, i l l
(3 G 34)
; f  /  *? . i{y*T ^  % I ji r i ■jS'iX'■1 § avia,* ? ■«**# j,, ^  > ■; 4 fa *<■', >■? «.--» ? / s.7 ..y- -^ viPt,
£  I c-» / *©y/>'4 J f ~  • | / -
^ il* > if fd .
"** W A A G**- .M. A*L»  ^ )'V ^ S C  U *i* A. X : • "£» G* V G* . ‘t/'j. L-n*.' 0  t —* G  Gc 1*4. G  G> C*^i "0 A.i i
K  j
7
-O
ihcgonality propex'ties-of the- associated
Legendre 'function;
'fceV*
r.sduc es t o -the' for:
M
&]£i -
'.y0 OJL 4"
is s.- spiisroici* Perxornong T/Iig
.integration and substituting into-;(3 *6*33) to* find 
i or a ‘or ox ate -s.Oiieroxct  ^ ;
f.Vra
SI
c/ f 6-4^^
/ . *  ^  ,1 A \ ( 7 - •  Sr?\
/**v
y 4>
1C ? 'o
■ ■ *} 
c,C “ 
' ©  d , - ^
¥:
«r (Pe ?
6 - ' i h * Af^rf 17.3^
l^ lM^ ill'il O.1) • ft'
“h '
(3i6>35-)'
Ymeia ^ <c. *3^ ; o £*ivs
5^
:.— 7^ /3 '■;:
- f** '
;V ■ ■ -to CJ£T • «?<£*£%» :./■ =; .
.i
<T V d U  v/^  /®v ^fii«a3S.-'«aBei5SCts .
r 1 ,
n / -? /* -? /* %\L> *'0&jQ}
fno corresponding.' result for an. obl&t
' /"V
u) L
^ Otr-i i, i?«**» <«wwi»
’ «» J f* '«•*''» t
{} i t f » ^  /"i- |
/c>d-
^  /zij
(3.6.57)
y/
r*S(-
i*
CL c <zL.
ry  . t ^
j'V ■"*, „  Jjp^ " ■
v y  ^
o i >  //«-)
,;*oooj
%*wy
wk T/iih jULpi^ ; ■'■■<& ,&< <£ J^n^. 
perturbation, enpansiqn and hence the above arprcrimat ions ' 
for the stress couple' and the scattering coefficient 
; have.liisit^ pappIioatibnw/V.'l'pr- example if the 
surface of the .cylinder;' is: clasped and
• ft) ■ 0)
then p:d <  Jr^ 7
;thus if . ari&lv/'^>= ty/©-:■ , . .4-s-^ O' Similarly
fix */g':v Y y ' fdiahd.-so :.on; thus .'.tits',
higliere-orderusodesio Vihration-say only -be .'.considered. 
eTlienepropogatihg : in cyiimers of very large radius 
compared uith tlie.yisedof the seatterer*. •. As far.
' -.as the: perturbation solution as . concerned the isos't • • ' 
interesting ics-sej therefor e? is .thatdof the free torsi on' 
'rayed■ : { ^ o v: . propagating in a cylinder whose
surface - Is' stress.''free• Per .example ? - suppose 
.0 : , yU i  ^. 411
^ ^  _ Jh f3 i ■ "'
O'- ^  y  »'
when . the scattering -coefficient for'a-disc shaped .inclusion .
d : \  - -
•••is found oy' setting; -O ' in (3*6*38) and omitting
the finite. seriesi3di,*e« ■ ' ‘ .a.
■■' ;Q ;s- ; ^Z oi^ fi Z.-£l$rq/° '■■ * ®
Further»■'■ thedsifessiconple■; as derived .from- (3*6*30)
. in -a similar ray»,.namely '
, . i u w n 1 v  e / r ^ - f i. -niin./ - : d;h-2p : ^ - S 2*u
chore ■ ' ■ ms} defined: as in equation (5>4 «36).
tap
CRACK IK A COAXIAL IRFIKIT3 CIRCULAR CILIKIEE,
We now devote our attention to the 
torsional vibration of an elastic cylinder T  which 
contains a "penny shaped crack” perpendicular to the 
axis of symmetry. Sih and Lceber ^  have considered 
this problem when the elastic material is infinite.
\7e suppose that there is no friction' between 
opposite■faces of the crack which extends over the . 
circular region { 2. , p 6 to, )
This implies that the shear stress '^z, vanishes 
on both faces, i«e*
!
dz. UsO*
- -  ? !  -dz. ‘Z~o
O eLo/'l
(3 <.6.39)
The resulting boundary condition for the scattered field 
IT3 is
• !
7)2~ I 2410
y
Thus, if -.: , ■ ■' is defined in the same way as in 
previous problem § C&.2.) shows that V s  [fj r>
1 t i l
may herspresantad'by
Zrr pi
'0 v
(T(p)c&>$ ''3$
~zz'
p X&p \
Zlzo
c l  y
0 .0.41J
cr(p) = ^  [ V s [p\ o f  -  \js o") j
In other words, we 'know the displacement everywhere in 
• the-:;-cylinder providing we know the discontinuity In the 
displacement acrossithe crack. Since Q ' t C y S O  
Is a function of we may employ - the . reduction -.
..described in to derive' a- Ih-edholm'Integral.
aquation of the first kind for the determination’ ’.- • ->•
of -I O ’" ;■ j  via.
%(j,)ceo4>- | \ <y(f’) cat>f' Gifs',
where
t p  <>? p  > r
X h >  is finite, for P &  o , a  ' and o r 0  
vanishes as at the edge, of the .crack.
^ 0  recall :the fora'of the -incident., wave, i.e. ' /■;
9 r ~  -i
^ ; > .  *  (p’r> *  ' V
w v-vv:. :ri.w; - t ' V  ■■
. o*) ;
where . -
takes ;©4fie' of the ; values - V'-f y ;:and: •
; M  m. ■ ■'IdCrtv 2. depending whether -the surface of-the 
cylinder ^is :clamped : or .stress free.. It .follows that the '• 
equation for the determination of 't(f) is
f  g  :a  i :l  * o f  ) % L )  =  3 -
•t p Ap f' ' jJ?>
The. general solution of this equation is
.'Since' 
then:
mustbe finite for p  * J
( u )  £0' and without .loss of geneiamity v n
may r©place
c - B o f r )  -
so tnau
f  \  ms**** 
.*>0#
4 2 a
I)/
of iJr)
( & h ) rbrJ 'mv* /*Jr, t o /  «
. :
(3.6.43)
Expanding in powers ;of ':P( assumed' small-, we: obtain
A /;
£ rf- ■ W
" ^  ©
:S- f ft ■•
4-
,C-> 5 a./
2.
o d [  V  - U - i / ^ o + 0 ]  + *
■ ic/2. :■
\ p  >  -V -C1 * V•Mm/ .{ r
;g-if32
- v >
<2Z.0
It ■' ..31ft.
h/ :j -h O(^) (
.... - ■
6e4-i
wher*
Fui‘ther? .the".;perturbation -equations -for the determination 
of an .approximation for . 0 ”; in ;ihe. ;f orm ' ■
CSV ■> »C Or. ± o< 0~~ i- cC O, +•
(3.6.45)
are
>?r r , ,, ,1 I
3%.(/>')c<teg> ' p
| jr — V 1) ,■ ■ 1 *** —
t i J
, 0 re
(3.6.46)
! ( / ) c a p p ' d , / j  C£±B\ (S.Lltf)
V® s/ft It -i*1) ,
f )  f  GL° ^  and <s< l b  ^  Q y  ig assumed
to" be :of S f  I).: Confining. the" process which' led to 
(3*5*44) end (3*3*4?) ’tf© find that
*«>
r« J2|5 c  tr -
f i t  _  1  ,%Xlr)'
X « f 0  v)a 3;0y
A.
_ « i #  t f c z  ci - i  ?  c-=
7 5  ■
■^) 53)
/On-making use'of'.the result- (2.5 •■33) we find the general 
13elution of equation (3*6*47) . in the form
Icy /
e£a, G
Since. O-q) -must vanish as' as j for all
values of cf / ..y lt follows that , £lCc /, 2,3*---- ^
,.4. \ '
should also /vaaisimas at the edge of the- crack.
Shis/ Implies / that -
i ' A i V i
(j) (f>)
1
- 22.%) } fetbjiJ
3 ir ,3.6.54)
Similarly wa. find
jL-pO
J
P e £©, i] 0*6.55)
m W o i - 3 ^
■ ■ ; , IS!> i - ^ V  r ^ f ' - d ^ p O - f t c  i
eio.ij
^ (3.6.56)
IV i t )
4SfT
(5.6,57)
O 5
f p S  j.
■5J-  ^ *|7 /■*
■ a- Z p ( ^ ^  ^ &jy MWW
S. . . f•-.; 1*
£/-/V ? / - ,e&tp,Qf (3.6.58)
ana
■SCAglPHRING COEFFICIENT
Equation ..(3 *6*32) givas the ’average rate ■ 
at which energy.io scattered by the crack in the form
': ■ 1 3 z ''^ *©•«
E«? .: r 2>^ ^  S^o 1
7
0 VOJ;
and' the boundary condition:(3.6,39) yields
»&T a |
:&*'
i /%y
/«4y* 11 j
f><%f 2? Ol Cll .1
0 a,
The "illuminated" '..portion of'the crack is- simply the 
circular region; • • )  P  & : t p j  ) J }
and-hence the expression for the 'scattering , coefficient 
is ■ -;
/ a *- '
-far3 J f oif) > |
(3
•.Substituting,' the; appropriate apprcniinations for 
h;OT~: and' ■ vre ■obt&iniy.p pp.
f  n]C3F»l , ~  C ‘
-2i4k,kb V  2  irm i 3 p  r-
J 2 y  ' t S u l ^ X )  . ; i h  (3
ISS! V
- K O ( W 7y/f  )
, ;CRA.CK SURFACE IISPMCBIIM? ■ p; "
.Fromi the fact that the Green*s function-''
. pispan even function of ••,.
■it Is:clear that; the representation {3;.6*4l) is' skew-symmetric 
■;about'""the plane ::;:^ s.o ^ i>e„' . 7  .-
/\5& ( pJ -z.) - ~ ^&{j>, -z )
and in. the limit ;hs ^
V s  (j>, © O '  = " V s;( ^ o ' l
It ;foxlous that: if the-axial.couples at infinity.have . 
harmonic time dependence. 6)t • then the physical 
displacement on,the crack surface p e t v J ,  z = t > 0
oO )
6*61)
VH
and.• on the: oxner face
( a  f ( £ , 0*,tr}) i  .^. v
'v ‘ /h vof-
a7)f TORSIONAL YIBBATIOIiS IF M(MSTO~SXjASgQi)YEAliigS 
-■;-..( i).- basis-: t m w i x m
. Consider an isotropic ^homogeneous elastic .
.1e^Bedium; T  7/h.ich is in a state of dynamic stress 
a .and •■is immersed in a constant primary magnetic field 
h ph; The equation of motion --64; ' of the . solid is
;where ;X and are • the .usual-; Lama constants, fjp is
the elastic displacement rector, P . is the "body force 
par unit mass, ^  is the mass density., is the ..
magnetic permeability and all quantities are■measured in 
ihlC« S a units. The Faxnell equations governing the - 
electrodynamics of media moving, very much slower than ■ 
the velocity of light are
0>& g. e: O-0 ( I  4 JXS^  A H ■■)
St '' o
O f  7 > .15.7.2)
V; ckyir H  r  O
ma-- — • >
is. the’ electric'field, \|J the magnetic field
and ;' Q l \ is the conductivity of the material* ' ’ Equations
(3.,7.1) and tha first of (3*7*2) exhibit clearly the 
interaction between the.magnetic.and elastic displacement 
. fields, these'effects'being, essentially non-linear.''
He< v^r, itvds.possible.under certain circumstancas to 
obtain a linear approximation*:
(ii) LlHBABIgfTIOH
■ ";We"-shall assume'-.that &  and '
Ot
-are.of the 'same order-of magnitude and that the ■ 
..magnetic:■ field. may' ha .represented by - n
4- (5.7,3)
...where-^ o , is the .direction of the constant primary • - 
.field and is the • dimensionless induced magnetic
field* Since 1 is by nature small, ty. ...
is:.also' small and '.accordingly we rewrite equations- 
(>.7*1) and (3.7*2) neglecting terms of. O 0 »  *).j i.e.'
v - f  « c -~ d .at*-^ 0 .7.4)
0 &  E - a j ^ o  d r  
1 3t (3.7.7)
where. Cl is a typical length : S&>. St A M :  ,
is the Alfven Telocity ("by analogy with
bBasnstohydrodynanics), C$V.. l^ jr is .'the velocity'p .
o f  propagation.-of -shear- waves in the elastic material, 
the body force is assumed to be sero. and the-operators 
grad, disf and curt are normalised with respect to.'-Ck . ,
(iii) PdRFdOfliY OOKbuClIKG 1£SPIA
- In .the ■ situation- when the. material is perfectly 
•conducting (CTD -£>«S> J . we may achieve further . ■ 
simplification of the governing equations« Squat ion 
(3«7*»5) reduces to
F  s a  W o H o  -  / 3 t .
and-combining this.- -result with -.(3v7»6) we obtain
3 k  ■ Qji&k ( * 2 ^  )
Shis equation expresses the -”frosen-in-fiald”' phenomenon 
-.as ..experienced • in the llagnetbhydrpdjnaatiics of-; perfectly 
conducting-' fluids, .
'.If the motion has harmonic time dependence
'■ iCdfc .
• <&'•; . -it -follows, -that
and equation (3*7.«7) is satisfied identically. 
Substituting: into ('3 -7*4)' we see- that the motion. is 
governed by a single .•■■differential equation, namely
IF 4 >&&& {dur' & )  - $<> iAoA>■-■ r*.:-. - '(3,7,10)
(iv) . m s i p i s r ^
CQIhjUCflWG, K i A S ^ l C  CO-Tl A i m O  ,1 PISMY
SHAKY CF;A0:C KHPflfXClJhili. 00 £ OOiTSTMY PRIMARY 
■■ ~^gll2?XC PILiLTh
mqua-cicns (3*7^ 9.) snd (3.7*10)' are.
suitable for examining the effect of an axial, magnetic.
field on the dynamic system considered by Sih and. Xeober
y-oj o*. §.fe.0. We shall.assume that initially the
. magnetic: field is parallel to the Z  ~ axis and the
incoming’ torsional stress wave. Accordingly we set i
= 1  o r C s )  = sr (/>,*■)$
Equations (3®7,9); <^d (3t7«10) then reduce to
i-ivU't A . 4 > Cil" -
■■■■■■••■ , \ A :Zm.O c^ £ e  •■■■•■■-'■,0.
s. '(p 7® i O-J— /
and 1L° 4-.; .^:.;.irSr - if j (3.7.12)
the list equation is analogous bo:: that governing the 
torsional vibrations'of an • orthotropic elastic material 
(se-3 S(3.(0) .
Equations (3«7*ll) -and- (3*7*12) imply that' 
ths stress and magnetic fields' are uniquely determined-'- 
from the solution of the .boundary value problem '
:r £ + { I * £ ? ) & •  + **u-.rc> ,
: : ^  P  ,=o , a & i o / y .
.-SE. 7a.sc7 ,; / .
f : - - 5-0 PC- 1°,$ j.
;:Vanisii0S:-'as q c ^ i  at the edge of .the .
;■ crack: ,and, represents, outgoing waves -at qinfinitji
:lf-: ;.we-:introduce-the new:-cylindrical-;'polar coordinates " ;
( 0 ) ^ :  thae-; . ;- qqq; q qv: ;
not
it is/difficult.';;'tp;. see.- that in. these coordinates-the 
problem'is precisely the same as -that-'■which -arises in the 
absence of -'the.-mgneftic "field* -
TKIISLIP WJTOS ; -
■ '"Pollowing the ;sam@ argument to that which 
led to (3>'6:,!0) we; find, that a progressive torsional wave 
.travelling in the-positive ;‘2W  direction is represented by
■>{pj A y  ~  •
(5.7.13)
(3.7.14)
vmere, • o - m a y  take - ona of a continuous 'spectrum of 
real values'lying -in the' range . We see that
an'immodiate consequence of the magnetic field is; to 
increase the velocity of prorogation of ilie incident 
vsva for a fisad value ;of rb
seAWfUZD 'F1E1I) ;
" The; total ■'displacement is
given hy . ggpg oifg...
Vfez) =■ lTjg,g -i- V c(fi zV (3.7,1J J
and according,- to:-equation (3®6.4i)' the scattered -field
is represented' hyr' .-i' •
j ■ (/)c^S i s - j  ^ p  °p (fo.eT) ,
j0 -: . f ■ . ':- ^ 2p:zl:o ■
f •: 7:16V
i\2-i
-iti LpL-'-'i> — 3
Gr»h* ' *r,)= O  'V.-^ OV ■. w 0/ -  -i-w,™--r— --- _^_ .fyt,fnnr-r— ^
s \ « L
c- i;; L^S'6>^04)-- tTs^O") j.
'vX  . 6> f m  ■ 1
T h e  Fredholm integral. equation of the first kind for 
the determination of ®  fi is found ,in the fern
G&4>
J. i© <$. (3,7.17)
mere y # } / « ) 5 l ^ p )  - 5
' %,■& '/ 
M  1 >' V7
Coinpio^inp:^'this-witix:-^*42); and (3: .6.43). ws deduce that
I3I-S
4-
%
? 1
amere ■ VthS: the corresponding solution -with ;h^ . •.
j^D z.:D; > ■houatipns' '(3»7«14)k (3>7*X8.) and .(3*6*60.): no./ 
give:. the scattsrihh;'coefficient for the crack in the-
".:forin:;'-:" ', - '-.■ th-' : ■ :; .
For snail' values of- ' .04* v/e: deduce from eouatioh 
(o*7-*54; through (3*7*56) that ■ , ' „
d>
'
and hence
KweneaeaGcts* £~j> 1
a - - 2 S i J j 7 f  -ei 4- 0(eT) 
$03,7$
Sih and’Loeher. havi-shown that' in'" the-absence ;of a 
magnetic-field-
■s; * a , - e iu*7 f ^ . i v , ) 4 ] * * 4 # ,  * - -
%% \Jwi ^  ^ :
near the edge of the crack*, The ■superscript denotes '- 
that .the stresses are associated with the scattered; 
field. (  f ;  , #/ >  are ■ ■ '
polar- CGordinatas.: -measured from the crack periphery - 
.and is Incrr as the ’’stress intensity factor”.
On examining (>.7116) re see that , is increased /by 
the factor J T Z # f c *  and since is. -associated
y/ith .the force' driving the separation process at the' ; 
crack .periphery re conclude "-that' the -'magnetic field ' •
.encourages/ the 'crack to' increase in diameter.-'
• • Finally*' it should be noted that the’ above 
theory 'predicts that cko magnetic field is intensified in 
••the. s'ame nay-, as t..o stresses at the-edge of the; crack;
;equation (3.7*11) gives
'hi- S jx kp (f, z.) e
? c«K
and hence near the edge of the crack
>y o) =  i s  Css, i  T,
a / d k
■h ■
i,ile ur&erisronless constant ± s  yiy.,..-,.
K ,  «■ l$r
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. - CHAPTER FOUR
DIFFMCTION OF SOUND IAMBS IN M  
■ V-'INFINITE CIRCULAR TUBE
, (4*1) INTRODUCTION■ Aid) BASIC.EQUATIONS
The .diffraction - -of.- scalar waves has been 
the subject of a „ amount of theoretical'' research in the 
past. thirty years * Particular attention has been'given:to the 
diffraction "by-plane bodies'-; such as a disc in an. infinite 
medium and the mthenuiically equivalent problem of diffraction 
by.an■aperture■in an infinite' screen* - For an exhaustive review 
of this subject up to the early 1950ss -the reader is referred - 
tov a report by Bcuvhamp' ^Ij. More recent’ developments have 
been -made using heller fs !!Geometrical Theory of Diffraction” 
u i ;  -■and' integral equation techniques,. Jones £s] B4®er. and
’Brown Heine and Mac Corny j 3 Collins -[£ I and
Williams h i  : have employed a; certain class of integral 
• equations suitable for calculating low frequency u. xoximations 
for quantities of.physical interest .relating to the circular 
disc and Jones E$3-.' --.has' subsequently given a different type 
of integral equation-suit able for calculating sea tb_ing' 
at the other end of; the frequency spectrum. Nobl uc»3 
lias also given a  method of producing* thee first few--terms 
in; the"'asymptotic, '.development at high frequencies for the 
field quantities related to diffraction by a more-.-general 
•class ' of plane - bodies with ”edges” „■ ■ ♦ -.
■ A search ,of the literature will reveal that the 
attention given to 'obstacles with surfaces other than plane 
is vary- small in comparison. Senior Jj&I has■considered 
the -scattering of ■ a-normally incident plane wave by a spheroid-. 
He gives the exact solution in terms of spheroidal wave 
functions .and proceeds' to compute .low frequency expansions 
for- the amplitude of the diffracted waves at large distances ; 
from -the . scatter©C"Burke .ill] has. performed the corresponding 
calculations for plane waves at arbitrary angles -of incidence
on a sound soft spheroid,
The remainder of this section will bo 
devoted to the derivation of Green*c typo representations for 
the diffracted field -and' formulae-'.for. the .scattering 
coefficient when a /ave is incident on an-arbitrary 
shaped pbstaele: imi’orsed -in -,a bounded .medium, AIthough 
specific. reference is made to sound wave prorogation the 
results are equally applicable to other scalar wave 
.' phenomena C/f.03 « In §(fy*2)-. re calculate low. 
frequency approximations, for- the 'scattering -coefficient 
• pi s. "sound soft spheroid situated- in.' an infinite -coaxial..- 
....cylinder which has- either' a :set * woft:;or rigid wall, - .
, It, is also'possible, to use the low-frequency perturbation' . 
technique on the corresponding; problem: for a rigid - disc 
and this-case:, is considered In > iCU.3) . In both
problems the incident wave is .a-typical normal mode ■ of - 
.-.vibration go that the results complement those of
• - c- ■ ■ «g ■-
. 0 oil ins who considers' the -.plans.'wave excitation
•only. Foi'theUj the amplitudes of 'the' scatter *d ''eves which 
propogate- along the axis of the cylinder are calculated for, 
large distances from the obstacle,. In the final section 
of this chapter ve compute approximations for the radiation 
impedance to a rigid disc oscillating in a coaxial-circular 
cylinder!. •
- EQUATIONS 01 I -GTI0 < M W  INTEGRAL PhPRfSKTIPAIIOHS "■ K)R TUB . 
SGATTBRII) hAY:S6
Thj classical. formulation of the problems of lines 
acoustic wave propagation in. a homogeneous fluid is in- term's . 
of the velocity potential or wave, function TfC£/ f)
The fluid, velocity and pressure distribution are grad V  .
and respectivsly, where ' yQ© • is the
density of the .fluid in its equilibrium, state. It maybe 
shown . C.-fvtlSl •' that V* satisfies the partial differential 
equation
where o is the velocity of /propogation. of acoustic . 
waves in the'fluid*. In. order to determine V* for motions 
arising from- the; scattering ©irradiation' of sound- v/avss by . 
'obstacles, immersed, in fluid v q  require some measure of 
the impedance to morion at the.'interface,bbtvreen the 
-•media-.-'involved,- t-The.'’.ratio " ' • between pressure and
!velocity normal to:a boundary of,the fluid is- called the 
• normal acoustic r impeclance J - and in-general, this is 
(a function of position on a/surface* Since the normal velocity 
-of the fluid at an interface is.equal to the normal- velocity 
of the boundary - itself then the normal- impedance gives the 
required condition to be imposed on , \ f
\4n(t) =• /V f f  ' 1 (ui
. :where 3^ denotes aifferentiat 1021. along the iirwara 
drawn normal' to- the fluid 'medium. For -v/avo motions 
having harmonic time dependence.the pressure distribution 
is given by '
V-.CrJ) V ( r )  e
•iwt-
and hence the boundary condition (-1 1,2) becomes
(4.1.4)
■ - dn . . '
If-the boundary is. perfectly, rigid or “sound hard” and 
its normal 5, ^ wi/is''/.&©.-■ then tho normal velocity.of the 
fluid particle at,/the boundary is•given'by
■t>yi
Conversely, if the//boundary offers no resistance to the 
propagation of sound then H A£:f) £.C> so
that'(4*1.4) reduces to
(4 .1.5)
(4.1 .6)
/fhe latter is known as the “sound'soft” condition*
/.When the fluid extends to infinity the velocity potential . 
must .also satisfy the Somers eld radiation condition,
. If an"acoustic wave, whose velocity potential- 
is \4 and direction of propogat'ion. is is incident
on a fixed obstacle/ 2 ' • . immersed' in a fluid occupying a
_K~ ■ "S*
region I . ’which.'has' a .boundary wall ^  , we express
the total field in the form
\f-_ Vi (4 .1 .7)
’/mere V& is the v/ave' function representing: the' 
scattered field. . More . precisely we say that . V \  is the 
field that would exist if the obstacle was absent and' 
hence, the boundary-value/probien for Vj, is expressed in 
the equations ■p'.p
~ ~    " ;* )  v v - o  , . o
t - L ( s ) ®  X - i t e / o t i  -x (4-1.s)
Vi
{■Introducing • the: nonrdimensionai • Telocity potential 
: defined by ;
' 1/V " 2 O. i.
i/here :-.CL is a typical .dimension :pf. :3 and |>0 «
■is the pressure at •••the; incident wavefront, we may ' 
rewrite (3.1>- 8)• in• the - form .
\r\ i o  :
• X» ^  =■ > m e -
' g«
; (4.1.9)
fy%.where' O*" 2 e&oa/c.. ^ X  
: V  y t T  ^
;-now refer to the dimensionless coordinates, how-if the 
obstacle Siis composed -'of a homogeneous isotropic 
.material' and - is perfectly sound -soft-then the .boundary . " 
value, problem for \Ts r V s  '/a  Vo.
follows from.equations (4*1*l)>(4*1*6),(4.1.7) and (4.119) 
in the fern : "
S O  3 C t & i )  t. ^
7 0 4 1 ^  •=• 4Tfe b
. . O '
- a m  151 mar. the iiuac.
extends tc infinity * • The appropriate Greenfs 'function' 
is the solution of. •
J
*„ . < T  , C t & S )  , P  j
together with a Sosraerfeld- condition on fi­
at'.infinity. The boundarycondition on 2  ensures that'
( «rhS j cl S . - o..
and, therefore *according to .: the" integral
- repres -antat ion - f or th a scat tered if ielcl is' grxen by"
(4.1.11)
M &  ( S )  -  I
■ p.
a n Q , € r i
■OrCr)
J0L V>tf-<0 = _ i  s!F
o V \
When is the "circular., disc ' C ^ L S ' ^ y j p .  &  Cc,; tj 0“h 
is interpreted as .•
f -  I f i r  1 ■
Cr (f / f  ) ~ pp  1 32-ts# a‘2. laser j
and the surf ace'; integration' is. o v e r -  the domain • •
C t l - o  y p f r l < v l  , d
hhan the scatterer 'is a perfectly- rigid fixed' body the 
■boundary condition on its surface is obtained from
■(4«lo) with' l3& y  i.e. '
■90s. ■ -w"- w  %-V *•
f 2>n ; (4.1.15)
According to § 612.) the integral represent at; ion 
for Ml, is new'
1
f r r r ^ <  \  1  Q - C f ; £ ' ) ^  . ( £ € ■  T)
\rs-C£)=\ ° h u  t v  '
where O^Cs-y - .lyjr Ig-i*
and. for the 'disc '
c t o d  =■ " v ^ l - o - ] ,  Oc&s.)
: In" both the sound hard and sound soft cases' re
• \
are interested, in the scattering.'coefficient. O  which is
defined as the ratio- E/Eo where is the avira-e' rate
- \
' at''which energy isaincident' on vy$> ; d'and ' E  is the average 
rate at which energy is'• scattered''away (fron 5 ■ ... -if fs 
is .a' simple- closed surface in the" fluid, which completely 
.surrounds./ %  9 then the mean rate at which energy is ,
transmitted ' through an -element 4  si of- 0  is
- o * A 6  ■
' 2.where.. • denotes differentiation along the outward-
drawn normal - to- ;$© ' and'hence'
F  i  ito/oft.3 T f  f (\ r s A S  ) 4 ^
“  J.<?- :3v»o-
By apTlying. Green1 s -theorem t o  the functions . ■ tjg 
and .in' the region between and we obtain
E  - -  V f v . 1 $  I f -
"xii’th'jrt.ors, if 3^ io tha "'illurdnatjd" :.,ertior. of S"
then the • rate -at which energy is incident on. £> is given by. 
s . 3 V f  | , t f y & T '  A ?
.1.14)
T'orxthe-. sound soft-' obstacle -the boundary condition 
on: P :. gives' -
in.- t v
i
SK
■ByGrccn*? taocren the second integral on the right 
hand side vanishes identically and /-hence
so--.
 ^J J L ^ X t L C i y
$%.' f ■At
2>f- 'VU;.
Both .results apj.lv be the- circular disc- providing 
^  and' Gpj <:r,„ interpreted 'appropriutoly.
-" -V.lie x t._ fluid' medium' is ' unbounded. v;e "mow 
from the radiation condition that the diffracted field 
behaves like an outgoing.spherical wave at large 
distances from the'scatter, i.e.
where : is known as ’the far* field
amplitude. The .Grounds fimction for an infinite medium is
ntodr-X
C t  j S ' ) *, £ " " ~ / liT~X
ar.5: since I '''g.-T.'
-where. ©  "is. the angle, between X  and X'
:tlien;for-, a soinid soft seatterer we have from (4*1 *12; •
■ .' : '. ■ a  T  I - *  c& ©  . .
^ e_ 1 e crCr'.
..C..6mparu*c>- iv~s snpression' with (4*1*18) we deduce that
i.Kr'o»® , , .1 :
6> .. - 'O'tl /.Ap . ■■(4.1.19)1 e X ^ J Y  ,* y 's&pf-
Similarly for the hard body
f ^ m necr!c ^ ©  -1
(& a ) - * \  le w  o o t  te1»S f y )  t e f & O  : \ I ^  .
(4.1.20):
:4.11:pth;e ■ probl aims considered:in the remainder of this 
chapter hum beer treated eiSBwhers for-infinite media and thus 
we-may use (4*1*19.5/and (44X20) to check that .our• results 
are consistent- with'previous research.,•
(4,2) DIFFRACTION BY A SPIT .SEEEEOIB IB All INFINITE C D A m i  Ch'hlfESN 
he suppose that a harmonic sound 'wave is incident 
on a homogeneous isotropic sound soft spheroid immersed in 
an infinite coaxial circular cylinder filled with
a homogeneous fluid.' We shall assume that: the wall of the 
cylinder' is either rigid or;-perfectly sound soft.- •
(i)- .IlTCrsSNT WAFER
■" If tl.u snoident field-'arises from an
:axlsymmatrlc distribution of v/avo sources oftdoublets 
.at.'infinity then it may bo decomposed into -a superposition- 
'of-the -axisymmetric normal modes.of vibration for the . - 
'cylinder.. The reduced-wave function V i  - for these • 
modes is - a solution of the differential--equation.:. •
-i '.V 1 9Vi.- 4
22-* . '. ’ fie2el)
Separated solutions v/hich are- finite- in. the interior, of
the cylinder are '• ' • - - ._
» / 2. 2,\ '.1 (k ~ JA J - Z
■If the wall-is perfectly rigid then the '.'general impedance 
condition for '.reduces to
: g  p  /■ .
and hence the separation constant j X ,  must take one of
■ - 0) ' : 
tiie; -values : h  ...... . where
- O
al
ana the
are .'-.arranged in'ascending order of magnitude. '.- Suppose now that 
J l f i f  <  *  J, the 1st , '2nd, - . * v'K# iA
modes: will-propogats, in the. cylinder, while the '
( r v » ) h  ,... -• 1
are evanescent and hence if AJ\. is ■to represent a wave 
■prorogating;in the positive’■'z .-.-oj_ wCjion we take .
i -  - - a
•il'urther, we,note".that. J J ^ o  also gives a travelling
:wave^which satisfies the boundary condition (4*2.2.) 
namely y i;
vcf
\J4 -s *E« (4*2
; 0) ,
If . o( ■■ *^10 plane-wave (4.2*5) :.f is the only "mode
■which■will prorogate in the cylinder*.all others being. 
evanescent.
'If "the wall of the cylinder .-is . perfectly soft
then, we require-
nid^A . imiot, th oraf ore., take- one' -of the values • '• where
*. do:
A-. 1-
f
(©; ,  ■ m
are arrarr ec. in ascending order oi magnitude and 14,.- < <-< '
. . ^  . / **o'»
■j.Tiiis our. inciucin nave ~uy be r e t r e s e n t e d  bv
are chosen appropriately and we 
. to include the possibility of the
Xll)-:THE' SGATTHHF5 FIELD .AT IGf FREQBBNC1ESh
To'study the scattered field using the. integral 
representation (4*1*12) ve must first evaluate.the -source 
density: crfi) ~ o-O a) on the surface of the
scaiterer..•/'.Sinde :.the total - field must vanish on '5» 
we have •
- Vj (p, z) , (t e $ )
<-A- tr W 4' .
which is a Fredhol® • -integral-..squat ion of the first, kind 
for the determination of CTf^ ^}-. - ' , The. kernel
is a special case.of 
the'solution'of conations (4«l.ll)j for'the rigid 
cylinder - - ( , C t ©&) ' we require • .
. where..'-V*. . 'and;
let V ■o 2^0
plane wave (4*2*3)
and the solution is (AigOY
( x t f / 9 , z ; , f > 4 * t s  C —  , ■As I  > i,
■ ‘ w - S ' l
where
■.Cf/fv *>/*>■>= i  f Kj i u ;  F d f )
*"0-
is any contour in the '-first - .quadrant -of the1'
' complex k-plane which starts- at the origin and -is- parallel 
.to tile real avic at infant 7 . ' and
we take that brunch of r o piare- .robt ..which is positive 
iiraginary for 'K .' oh'.the real axis with • k < ©C '« .
Since the probleim is;axisymetric the only coefficient in (4.2 
;which makes,-any contribution to the: scattered field is
M ,  ' i' » \ 2.^  > f  ^  j l
t.i- T
K.foO ' X j . ’b p l a i p )  oakfe-zOdk
(4
The- singularities" of; the integrand which lie on the 
positive' real £  ^„?e' at ^  and the' points
k s v g g j  Vi,&,s,
cn p )
%  <  r A  ^  / F y
It is convenient to rewrite (4*2.8) in the form.
-where it is/assumed that <- of K
t o ) ,  . ' . z {  f  ± & / > ) X c ( ? p c & k ( z - z ' } - 2 a > c a z - z ) ? c
i, r-Jef Z , m  r  /  ' & i t
and thus replacing' - 0 o "■‘by the positive real axis 
with small semi-circular detours above these -Jsoies
X k (p-zj
\ \ o
we find
O 6)/. i v y_ 2.JL f K-2A^
> , r ' 4  f  1 4  L  x , m  ( w
0 % / O)
2i _ i)’ f  ^(/f- p) 4fe /!) cm AX-fifOi-T.')
c i  4-“
^  I a C/I'd T
_ . ; : . u p 0) ■■■■.■.
If A. A  -. the finite-series/ is omitted,.
Siailarlj gives the corresponding result
foi- the sound soft cylinder, i.e.;'
(4.2.10:
& fH i. vyA z - J p ) :  K>6>6) XJji/)Ii>(l/)<»ikCz.--£)ikk
‘  ■ W u  W ; u »
- 1 P : 2
44 S'<
Ho c&). ■V
I T
'"/j
h.\
■ : ? .  .
(4*2.11)
■ : y )  ^  ' £®i ' )
where here, it is-.- assumed' that - • ^ ^
An approximate solution to equation (4-*2«5)
for small- value's-. :of the wave number'“ <X r;iay be obtained -
Using the results-of - - providing we assume that
yS ~  ^/ 4-, .:' /-.is- also small such that Cp, Z r CO.?
By. direct expansion we then find that
* y y > ) .  fYtk)  * < w 9 f W
(4*2.12)
;h3 wall of the cylinder is senna soft or sound hard 
?he various coefficients in (4.2*12) are ' '
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*cnen- da
.engtfcs of the soird-ax
 ^ ■ c.iLa 00il one . ctao
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Ud o.U^_ 8pi.ib'ZOxCl 
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no.
fcea'©).' ■—  5 f^i© R© t w
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we now exeaaa in tlie fern
'p  z ) z e r ( 0  = <30£&) •#• <*■ 0 7 ££O <• ^ 2o ; © )
f«isc5te>f ofrf'j)
aacorc - - ,-. (*~y ? r ^ ,.'■ {’ ■> ■; r*uV \<WeXe-4V V * l x O . : \ t L e J & j  J-
A
* . . ■
* '/a *, * I jf 9 £ fi
■t ¥o  0 * ,  a i t / © h i -
o:
vJgbx-jt'J
$ &
f f f k - a T & J P . , ^ 1  »®“V l P / ,  m ?fj d0 *r^ | 4©J (Jt«*>*y J
L/
P % ~
ix -fi
( A  P  2 ^ ^-f# «—© 4- w j
. Slid.
_ v # i a f i  c f S ^ i r l o 3 p.k* ^
b  z  » - ' y * ' n)
«j W*5?
/v'\ C „A
\
t°5/, *A • 5 A
l & J >r £ 2 b & ^ 4 ^
-  f  <ki / C z &
4  Iz-j'l
(4.2.27)
where. v  M s  ihso contour which- generates- the surface S> 
v/uoii rouaued.. through an. angle <£*% • By applying the - 
results \2*f ell) (2M 17) ;ana- (2 *3.18) we find that when 
is the ,prelate spheroid J ~  ~ ct,-1 ( & J,
with
the solutions to the potential problems (4.24.24) through 
(4*2*27) are given by

T h e  • corresponding results for the oblate spheroid with
are obtained by replacing t / t , &y  
by g  f i e J &) arid ^
^  4 % / p )  = i 6 ) fc^ 6 4 | e ) 0 ^ 6 ^ ) -
Ue now proceed to calculate■two Quantities 
of,physical interest i^elated to:the scattered field 
( a , ) the.:scattering coefficient' and- (b^the far field 
■ amplitudes',of .the.Q&iffraeted waves*
(a) . fgf S C M T E R U i Q  COEIllClENf
Ihe illuminated portion S^' of S  
is that half of. £►" . which lies below the plane Z:o
and it is clear that the mean power incident on-JJg 
is equal to the.moan power which would.fall on.the 
circular region’' • • .£Zs O y >^:;e C^ .'0 ©1 )• • . / . .
in the absence of the scatterer9 iaa, . '
| \ tfj': §fi d$
3'n
TvteV-ir-^ uso of' -j-cv ( a 9 *vW (  * o  ' r > ? A*.»>. *-.L«^j, C.T-fc»i V-j- -« *w *Z> L’t-W- w k-> \ *'<'ft *—»« ^4-. y \ *' *—>< t-. W y
f A O '\ .!?■.:;*/» • jl.'U.^.^ .£»-**  ^. ™  ,r*5 ^,-a . -_•>___  * -v\  ~T * * -  *  s - * -  J  iV — JLUU’ ViiCr.U JL O-L Ct UX V./«LC* Li ci O j.lUl j-C U i . l l
f ■\ ( f , i l < r l f , i ) i £  * " ^ ) £ '  - ^ U R j - ’J
■ ** ■ [
. f : - h C C A ^ )
V-
wneroe
r p t / )  /e  vV'/i vif--1- C A - t f n l  
t> — 1 ° .  ” f3 * }  ( X h h v  ^
j M - e )
3 ^  ::.p ■::y y w , . .  .\f
Similarly for an .oblate spheroid it is found that
%* - g )  £ < - $  t r v - o  - « w - &  * ° « / > ?
(  a 9 '• -1 v I r e  — e I t /
«> .-xt.
QhSt&. ,
4  s . , -feXCZ&i)
“ ■ s j o ^ t ^ o ^  i6" }-x ,0, ix'def'-a-ii
•*5 i
O A M X '
£.
*. A & ) L
( l e W h f O - a
«*e»«tiWUflei*» i'*eiA
3 3 ^
m f n  i» a on {*f<>l•j.c j re*. gav a 3 ■" an 
scattering.coefficient? namely
approzimat; ion for tlr
q W s ^  £ ( £ ■ >  4- SS/F t 0(A/£)]
f \ f \
\ ^ « £ * j j j
T h s  corresponding results .for the oblate spheroid
sire -given by 1 _ ;
.■--vi-
©
r)
6*0
4 •*>
( a  o - ;n ';
.I / ■<£
’By'letting the: eoceiitricity ; O  we- find
the res-ulvO for the spherical- ;-scatterer s namely-'
The results for rhe disc are obtained by letting 
-e--£? 1 i~ -■ ..rations (4.2*39) through (4.2.41):
®~} * . ci i “ 1  1 5 %  2
‘ 7#
ana
Q
" H^I«*»»
S> F
% ^ f|W.
i. ,<J
.-, It
£^»
i’Or -tne special' case ox tne .incident plane wave■ 
prorogating parallel- to; the.axis :of -a rigid cylinder 
the scattering coefficients ft/** ~ 5 .various different •
maped obstaci.ee are .obtained by setting
5 formulae.
, M
(i^ )•J~- ' U 1 . one a;
(4*2.2?)
fa nor consider the' 'behaviour of .the- 
scattered field ae - . C O  . frora equation (4.1*12)
re have
ro>z f * ‘
k
*
• / z . j  p / & , z ' ) '  -  £ (a-S* '}u£>v4(>-0 (k
4 r»iso
Z*>
also,.-from (ne 3 C1 ) ari^  C^* ■). it. follows' tiiai
^ 5 » a / h ’} - |  \ | d
' 9 tf i
~ £  S<s (Kft-) T q(>
rhero . and •' tO/* .' depending whether the
:-surface of the cylinder is sound soft or sound Imrd: 
respectively*. The singularities of the integrand1--are -a
( p ^  ^
-the points - K; .: ; , (|' -  ^.
’where for
H  ■ I .a'
i 4 I  £ f'h , fe; =
•■and'-for > .-fcW . |d-" ■». i
as suning1 that
4 7 tf
■ <  «£'" < a In the■/*** ^  ; > . / * * * * * %
ooniid hard . case there are additional poles &1
. It is easily verified that
' T- /Vft\
a-©'
•“■os with sirsall-"'-detours. belor the poles lying oh the' 
negative -real axis and small detours the polos on
the positive-.half,,' Consider now .the situation- when.
Z y  -5 *"e noy close the conieina by .a'large Gs^-cirolfcof1
in the upper -half plane: and' Jordans-lemma shows that ■ ■
the contribution due to H- is hero. tHence by the­
xes idua theorem vs find '
/*) ^  —t* / v
» • ■ . % iss|s*a4*{ —««*r~T.r—
. - , v h  ;
• a d  a . .  m . . ._fei -f t6m) a ,1 , . . . , :  ..
- ' y  k s i ^ Q a£ ^  ' . . ;
Substituting thi. ncp-ess ion into .('4*2.23) and letting 
X^oQ gives the result :
"*■ y : '> T / <-> . a « k h , j j > z  s , p> a
» 6 f y  *• ■ ~ u .k % ^ x '
J g C 3 5 i' A,'
+ 6  !  . (4.2.51)
whsre the far-field amplitudes 'of. the scatt* s are
% r h ‘( y v ) r
- \
eg. m  h  (j ipU:zi cr^e) l i
€-■ «
Tlien''the surface: of the'cylinder.'is sound- soft 
x s n d  • • .  . < ; •
there is no .incident rave and'-consequently no scattering.
problem^ thus im L~st interesting'caoa is that of the 
■ m e  leant pxane propogating in. a -rigid cylinder
In this situation.the scattered- field always contains 
a diffracted plane wave•of amplitude .
SO ■c -
^ 0 )
where Mo is,-obtained "by_ -setting ^  “ O  in. -.
,(4 .2 :05).
x We now consider -the scattering of a'normally 
'incident plane rave by a sound soft oblate spheroid in 
. an.-infinite fluid. - It -'was shown -in S ^ * 0  that
amen the ,:ilnil is unbounded' the fir field amplitude is 
■ given by ' .
^ . - - f ...' . .s
. 4 (6 , #  = -Cg®} = * I e  O-fS ) a  b i
thus.
4 J o )  - oi y  £ ’ arCi') =U‘
; oi 1  g; O' I  S
I f  ) = o /
•in-*(4»2.33) v/e-find
iM. d-^ fi \ f, -+W - ^ 4/1 \d e6-e4fr--2e^ f-U-^ l 
* - d i d  a f  ilFj
Q p - J
J  (.1.2.53)
't I -
D-e4j.'
Letting ..’•• in- - this formula gives the resnl•
for a sphered icsd
esc ^  ! 4- i s 25 _ i j g . ~: a. D  ( ^ )  J it -v xx\ ■'-.- * — V S-VJ
a n d :f o r  b M  iM c  an tiay :
£ /ftV. - 2 *  I « - : < %  - § ]  - ^ ! ^  ^
"IT : V  il " h " V .
E rn ;.X Y n  ( * - 3 5 )  ? l~e,Z*54)  ana (4- 235 ) agree w ith  
th e  Cv/Xr . ' b b x  r  in 0~ g iv e n  by S e n io r fJ & J  : obserasing 
in  ■ t i b j - ' th e  in c id e n t  7la n e  rove  p ro ro g a te s  ■ in  the
■ Mac
iv e  . s - d i r  s e t io n  arid has a tim e  dependence '■£-■"■■ ,
. ( 4 3 )  LIFFBACTIOH LL h l l l i  C ILC IhA h; DISC I I I  Ah 117x171x1
c o a x ia l  m j ' ;
T/e nos consider the diffraction of a harmonic 
■ sound we.v 3 "by a sound ..hard disc { z - ^ o  , j 9  &  I A? hi p
irxorsed in -a hoxsogonaous fluid I which is hounded 
by aix infinite coaxial circular cylinder l j O > - £0 *
The. -incident field rill be' identical to that described 
•in the.previous:ccotion and according to .(4*1*14)
.the integral representation .for. the scattered field'is giv-; 
r , .
■When -tha- wall of the cylinder 1 (^-.%) is either : 
sound har'd or sound'soft the- Green*s function Q:izyS%) 
is a function of £z.-2*‘) t see (4.2*7) snd
(4*2111 )X •'fhus applying "the reduction described in 
§ (3--30 ■ we ’.obtain a fredliolra integral 'aquation 
of the first hind' for the determination of CTW ' 
namely
t'°4o « e  to,
/
where. ( p )  "  satiefi,
n
(43.1)
where- ■■■**' is / O ' ;  or I depending vrheiher
• is perfectly soft or perfectly rigid,
' .
Since /v, rust bo finite everywhere 'in ^6 IrfP/ *1 
it fellows that .
In order that there should be a uniforraily valid 
perturbation• or. the static solution 
of equation•(4.3*27 .it is clear that the dominant 
tern of ■ Bs $*) risen ©£ . - is snail is 
he j therefore, m r i a e  (4*3*3*) "izi the form
£ ’ ( - o  =  Bcr a  >
and is finite in the limit o C  - v > O  .
An approximate solution to (4*3*2) is nor
>.(r
0 £ , cL
crH (j Z  6"c f/>> +  oc O ' ( f > )  : f  <x~Glty>) -t ■ -■
Applying tha results (2.3.31) and (3.3*32) w<*. have
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.She left hand sides of these equations are 
polynomials in p 'and it is clear from' (2.3*58) that 
'the general solutions are suporpos it ions of terms, 
of the form C ^ p L )  (  f I f $ j  . )
The edge condition requires that the coefficients of
,-V
in each solution hub! vanish. ” a" ingd - / >
us o' of’ this ■ fact seal the results (2 .*3*55) and (213*5?).
. . a**).
re obtain the - fcllov/iup : express ions .for • *&£ / t-6ce*,2
C . L t o )3 , •I)
(4.5..-T4')'
»m}/
i f i
r» fiMj *s 3 .Li; i /* 1
f«rn'
T
(4.J.15)
ana j.
O p
- (4.3.16)
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Consider now the scattering coefficient for 
the disc; froi e2»4) we have
c
l ? L
\i-rv / -.4 i p f  t>
1 ccCS^  q I ■ p j 9 4®* p
C|» (4.3.17)
It follows that
A«t .f-J
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/ t* © id 2.
-/*n M i
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5 3.18)
acting that 0y and O3 are purely imaginary, an 
inspection of equation ( 4 3 HO')'reveals that Cg has 
the ;same propartyi tlms msuhstituting fron 
(4*3118). and (4 *2 3 2 ) into (4 .1 .17). we -obtain'
< f =  ~ f e £ |
“h "
■ T o -  find the -solution of (4*3Hi) we 'do not require
.- ;■ - ' .
•■■any knowledge of a ' G s f p )  cr ' < $ §  , and the
'■'value -of "©£ .is obtained in the form
%>=fMHfc > tfw)
*  S J 2 f t )  " f  ) 1
+ < f - ^ + • » & « $
27 T«3
Hence? carrying out'' the integrations in {4*3 *--9) we 
obtain
J.*0 . H r . u 1 { % & >  # t  \ ,6
0- ‘-.7 c i ,  0y) < ‘ » 5 t i (
c/r  '*
v  i .  „
20 “
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The special case', .-of scattering of a normally incident
plane v/&ve by a rigid disc in a rigid coaxial cylinder
is obtained by setting C| t O  
the restilt is
j
-  - B
fs3
s f ! ' W '  *
h  . £ > ) ,  \ 6
l0d )  ^
which agrees with that given hy • Collins ■ fJ'M . -
In' a. similar- way to that. described, in. 
we nay analyse the. diffracted field far' away froth the 
obstacle, iron equation (4-3*l)' it' followsthat f'' •
C'V
* Q
and formally differentiating the series (4*2.50)■ gives
r ? &
z a
*sa A-
Ass,
k  ■£.
IT^T- ^
y 4*.
>SlXf
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Combining these results we find that as 2.**? •»©
.where .-.the asplituclc-r. of: .the diffracted waves
are given by I
£ ’ • 6 - i j C W  I
s A t  I  3  /* 4
. wkxiCi
CO - ■ 4  ' . 'l -':3
<6 it A y  V c p  g 1) y  < y
V  \ . / .
j u  J
Note that as -before the amplitudes %  ; denend on't>
the mods of tin incident wave, i.e.' they depend on 
■ q|; ■ ; - .for e:«~~gi,e when the' cylindrical wall is rigid 
and- the, incident field is a' plane wavs of the ■' 
form ,(4*2.3)- the scattered field always contains-a-plane 
wave, -of amplitude
c »y , f1 ■ |
ft .. 1 ' 'A- -t 1 J d JWoe- ~ —  ■.
(4-
f  i g r g p A -
= [ <57
■6- v/o
4- 3 ; ' | * A  (/) jp-,_ /  V  J-- °  ?
/ \
Finally, we ;note .that the static limit i O J
of the. problem considered in this section is'mathematically
■equivalent to the problem of steady streaming of a
V
rurf-et fluid past a rigid disc.- in. a -coaxial 
pipe c.f .Collins'-'. D a l .  \
(3i) r- —  -c *TuiTION OF SOUND BI a 7IBMTIHG .DISC IN II 
' ‘ “ ir^i rid cbixiAL oiumimj
To conclude this chapter we' examine the ' 
radiation of sound-by .a perfectly rigid circular disc 
of radius' a ' • which is'forced to oscillate with velocity 
. '(J £,* along its axis' of symmetry. We suppose that
the disc is immersed' in a homogeneous fluid bounded by 
an. infinite coaxial circular cylinder•; of radius 0.& • 
which- is either perfectly soft" or-'perfectly rigid.- In 
terms . of the dimension!ess- .cylindrical polar coordinates 
the disc.will occupy the. space - p 6
and the boundary' value problem-.for'the reduced wave . 
function ':X T ( £ ) - " £ ‘ ^ \ S ( p , 7 L )  defined by
'i
is- obtained •froa.-the equations (4*1*1) ,  (4«i*5)
depending whether the cylinder is perfectly sound 
soft or sound'herd respectively,* Further5 tj” 
must represent outgoing v/aves as _ T L  ±  ^  ,
od e According to S  ^  the Green1 s
representation for is given hy'
,% *.| -
\ A I • rv- f ^  ^ /0*o5/3!'ot$
- I ..°*vO-,l J n  / ■ ■■ ■ ■■.:■ (4*'4-4)
Zzo.
where
4'it
I
The' Green5s functions are identical to those described ' 
in- S'fe.X)^ thus application of the reduction described 
in |jC3L2t) yields a. Fredholm integral equation of the 
first kind for the determination of < % ( / > )  namely
f^r' ■ . s .
!f> - t i % i />') &( a .a ° y'/f / ^ £ ^ ' 3
v < >; y 0 - ■' : •’
I
/w?
V s- * S- ® t J
y°*}re . A-Y7ho £ v/v  . sat
f i L + a i
l  e y  p & f
t
and is finite in ■ £ 610,1 J J
(4.4.6;
further the ■”edge- condition” .requires that *»9'0
I-
as 6 , a r c  ^  u, ! . . - The solution of (4,4.6)' •
where e V  ( « )  • is an undetermined constant. It follows 
• from-(4.3.3') that we mav rewrite:; ^ ( f )  in the form
O g  (f) = - i  I ° w  (/»"> j
C- 12-0
When both 0 ( "  and are. small' -then' equations
,;(4*5.12) through -(4*3«X6) give the following ■
 ^-mation t o T . - ^ k
s  1 r (pj J&4 ■
W -  W > 4 £  11 f V ’*t I M > ^ >III
The total .normal impedance to radiation of the oscillation
Uj
V-*
where .£> is the total surface area of the disc, 
•Equation' (4*4.2) gives
r S i W i  «/>o a  I <XA tp') f  dj> (4.4.3})
and fro© (4'.4:»$)- we obtain
- k:J'! £ i  : k  . i’r '\ -k<:! ■! i  4 4
3 v 0 5 ®  ■ , 0 ; v .} j
there f 0 - ich a./?& V D \ a ?ft
/
and .
- _ 2. f y s ) ^
*? / // I  % •"T" fc . i r""1^ r
f  L ‘' f  l 6[&) I/wcjl - O c ^ S ^  J ^ + v
f V i a  ?
• • ' xiu) • i r r t i jy d  J o X i ^ )  ~  (4.4.13)
in - (4.4-1-3) WV' is o or J depending whether^-.or is
•sound soft .or.;s'ound hard* . The first -.term' of this
.'expansion-.agrees with the result, given by Morse-and .
Feshbaeh [i4i for a disc vibrating in an.infinite
ssdiuttu However, it appears that the latter authors
<2,
have omitted the term in c{ in the remainder of their 
.expansion; the correct free space result is
r C   ^ t* —  x 0  1**0 t (4.4*14)
K 3 V *  - 5  ri 7T ^
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TWO APPLICATIONS IK -THE 1 3 C R A If ICS OF FLUIDS
STEADY SWIRLING FLOW OF 1  IllVISCli) FLUID PAST A BODY 
. OF .■REVOLUTION SITUATED IK-A COAXIAL TUBS
n©c5©nin,y w CvaLaderablo ox 2H‘cvX\*a» hbm
kai ui j *. is the cnioyu-stri-c flou c* & rating fluid is
as iafifiitely I m g  tube© ' Using BanMa®$c *~waod Frcsflokei iJJ 
h m  eslenlated ■ the -swirling past :a contraction:.ia • the
pipe and the £Xgu erouad on. evel. bccly of revolution sitmted - 
in. a pip© of uniform radius * Subs egmeatly: W©i liai t£ i  - 
discussed use flew.past a sphere. in'- a .pip©* She's© anthers ■ 
and others &1 y W  - derive thf ^oyesning differential' e q m fe im  
fcr the Stokes' at., c a function in terns of the Inverse
UskQ / v  uLerc ■ and U
are tho ioig^ lar:aM-esial ; velocities respectively for. upstreas 
czit os typical length© Thou • %y S.SSil. .-where ©•§*•
:isrthe.'rMius cf the tab®*; .-the ^ ©smtions ©i this eotmticn ; 
cadiioit standing waves both upstream and downstream. of ..the 
oh v-vlu and it is not possible to obtaSn a unique solution 
to th ocandary value probiem for the stress. function* To '
fills defect the-above anthers have _c.o -the additional - 
csotn/txen that nc upsircasi waves occur- end -Eraenkel' Ms . 
presented an' firguueut s supported by cons experimental- 
oboorvc-iiosr. by long tl>J s justifying *uhis ©ssmpticoi fcr. 
©mil values of - ' « Mere- rose iCy IVostrm
has given theoretical:'evidence which ‘ciaxrs 'doubt on this.
-£.ootxopwion -and 8*&ev«~s u» eti who *. *u zzjohBB the problem 
by letting the fluid have-a vanishingly. small viscosity, .-Ms 
lent weight-' to - her crgamcnto. ' On the ether hand''' .» ^  a M
Koore. f/i is^ut that 2h?o •Trustrua®e.' conclusions say not 
hold for- flv a constriction-such-as a vertical wall
in a closed c ^  w© . It is not the intention of the present 
author. to enter' into ;vbhis -argument'! ' here the assumption of 
no -. upsvrwu vcvw is used to - construct .a Green® s - type
for the flow past a general body of 
lOvduta^ z u l M s  .soltrfciem is' iww- to calcdlate" quantities 
• e- mgmcfk. interest .suoh&s 'the ■wfi^e ..drag a M  the •. 
crrliw ~w of 'the lee waves in-the acrvicilai* case when 
the■ . o b - i s ,  a, spheroids, Hthough the Groen1 e fmctloa ■ 
vised u r j not GTcrrt sally prove to ■■■•be .tbs correct one
\:oxk seem to indicate .that .the method z z j ; 
still be applicable#.
(i) /II gb'jj. £?r;i?x^ 3r^ af/jIJC?lT IT*/ Sa1E/,IC T*oiK/2TQ"E 
lvw3iikei £iT and. others have ■•'shorn, that*- 
using cylindrical polar-'OoorL— ( p j ^ z . )  the. 
fluid velocity.^ nay be -.represented- by
■ v** . / x, i r /«»l Qt'W J, ^1^1
U  = t.;^, v >  c-;. /- b ( £  ^  > ~  - f  ~  J (5.1.1)
vstsrc  ^ |r  is  a -d ic e n c io iile s B  s tr e a a  fu u e tio n  s a t is f y in g  
S  V  _  i-..Qlt 4-■ £ >  : f > Z f  3 z a  ■ ~ Y g  /  ( 5 . 1 . 2 )
lids function. m s  u _v chosen so that the wall of the-' 
tube Ip *z vas© z. -amis and the surface S of the
.obstacle -are: strcm. surfaces® " Farther» .under the assumption 
that conditions for ugsirem ~ c o ) ©re uniform*,
we require ■
■ \1© r CW, r\
1 V : i ' .  : 7
\Jc^  - - | 0& Z» *" oA /c
W'.
so n =  w ,
X ^ * > i  (5 .1 .4 )
It. is.;.easily verified from' (5'*i.*2) end (5#1:«5) that 
%.(pj2~^ ' , satisfiss . ■
^  f:. V : / a ■ ^
. (5.1.5)
%Cf^y-p J£T  €. .5 a
:5a,7)
/
-3>..0 ao ' z-$> -©fc
end /u is either periodic or'tends to -zero' imifor^Ly 
in'iLo positive' Z -  direction* • 
‘If ‘ Q C Z ) 2“^) -;is the Greeks function which
■■■->*
■satisfies
.5 «<s»
(V*+rfl5>C£';£,>e -.(fif&£-ry
(54.5)
Lj n o » (p j, , .
■ -. / ■; r  ■ (5oiao)
Oo- Z  —
(5.x.11)
or iseme to■ s^o:"as z.^^o 
~ it is..clear from S 62-0-. that the. solution'-of 
the bGeexmy velme problem described.- in equation 
(5®3.;*5) through (5.a.6S) is given- .by;
***:JT :«-.
[5.1#12)
where .-£ -is - the; position vector, of; scss -point in the 
fluid-,. T ’V  is the voluso interior' to'. S . and
Farther, if - £• is the contour which.-generates S  when
through an asglo ^  '^ md P. ■ is the-gliaas area, V? v V < « *  :
which describes *T" whan- rotate*, u^ongh J2TT' y .then .on 
': ■  ^I :
performing-the lp  integrations is. (f?»l«12) we obtain
X ^ 2 > =  255 I
■ wi - ' ■ - " :? t tz
gf- j
X  ■ J ■
i , i>0x#X;
j
i^i)s f v | ^
§ I/** >/, 2-V ' j “ ! &(£■,£') cs&Ccp-(p') <i C f - s O
v/nere
- ,td
integral, representation .for 6
■Be-wCjaso of the 'in. _**   nature' of -.the Greeks
tm.oti.on we depart a little iron the normd. prooe&Sfe eai 
outline its derivation here. It is civ.,
(4.5) in.the appendix that saixefies
f 2 . 4- J- ii. 4-J- + <**}& ' = ”i  S(f-/)c)fe--&1)  
\ ^ r  /  3/° f  ^  J  f  ' “ 7
Following Ei v. Jtel .Ev3 ' we take the generalised Fourier 
tr«js£i^i- with rc.r >ew to 2. ‘ end cot -
G tp  y ’ys ')  = I (5olol'5)
)—'©0
(5.1.14)
where £  ic c. eciatc'* variable. Ec«. - *.cn (5®I©14)-' then.
It now fellows.' from' e&w&tioBd- (ft«8) through. (A.15) that 
the solution of whis oouctxon whieh reeaiss bounded .in the 
region ■ p  8 • m & vanishes on / “ i* •. -
jls en
r  ■ ■ c  ( • -
Q W ^ z * ) *  i e 1 X, J
VO
soue ims soj.ma.oa is single valued* 
Sxt^ lc :.nm that
t*) '  ^ %
. where,-( / "  * “ ’ ) are the
seres' of : 4 ■; ; arranged i n  aseeadisg. order of
x.igaitiade| the 'inversion integral obrrcsroj^ing to 
($«X*X5) io then .- /'.
# W , i  \
u Jr* . . (5.1
i?iws?e Iv: - t b —«  J^ gad *t is the
■strei{pit 13^ e heti:eon “°e© i C? - cad  ^ t ,
with -0 <•;' ■ 6:, &*** ' '• It is eleer that
we defora the colour -of integration oat© the real
., <v . % a>&vi' ' ,
axis with' small' dcvwars - above the poles C s. I («£ j,
closing this contour by" a large'' sesi~eiro£© in the lener 
half jlaae- Jordan® s', hcsasa end the ".residue, theorem show 
can* wnoh ^  ' .' ’ -
*  £  I ^ , e• ■g^*i .flOBsgsagaataflBfirceasa*
(s>r ^ .  J ^  2. c f , e“ “/
p n j -  &.(/-»>]
_  ^  d  *** «kl- M ™  %  Ok I/)
•■ *5 /_ »--aiS3^saftsjatrfM3afc<Bi^   . *% & • 3^ &* k i
f . ' i
*-i_Jlariy for z  <, 2  we close the. contour by a large
sesi-eircle in iko upper half   j, c.iZ .find on' evaluating"-'
the 'residues at.the poles ^ ^ l y; t*s. • *
that
pas* rj&3£xxs* * .
4^ vl *“ ^ C4" y Ji,. V ^./..ts) |\
4'^, Z',f, *') . v l % f  — — ^ J l U ^ l ± T at J (5.1.19)
-It; is  now easily ve rifie d -th a t .given by (5*1*18)
■and (5*1 ©19) satisfies- all - theyboun&sry conditions* is
■-' ! ‘f '
eontimiouo across tlae :pieae' Z t - t -  sad that the .
.mtsgrd-iii (5•!®1$)cossverces in the -strip O <■ < A
la alternative fcm. fcr the (Greece function 
may be found by d e f e r u L e  ■ cost our ©f' integration ’ in" 
(5#1»17) onto. the red axis with xmlX 'detours above
the ■ poles - t -c.  £  . V  t/ ay - -r - ^
the resu lt is  *
;; §i
f ' -
“5«S»
“ t  ki i 4i) j-/ .tyO i , Ok) («, k(^z'Mk 
J. 1 M '  '
:•;.
C) \-r >. O',■ . I * J %  / if a . * *> , jat^a«F{i>aMit'<ngwhyac .
~  £' , 2. **V ft **'f) i  ^ * y 3 / C m  .
where*
2  r  /«?■ %  t f i  y )  y  (5 -1 ° m
Ji = 4 - 1  Z - k 4 , ( k  c  < J
She'first tera- in this-egression may be identified-with 
\- Cl J ^  j j <^'
G v  j>f-V )  defined in (H&3?) and. hence
rij». > _ . ,^-klx-r'! tt , ( .
^'(ft^p/i)- f~\ (&o(^~vM4 4'
- 4 * -l«‘< 1 - £«*■» >-;a®4 ! •
i " - 1 (5.1.21)
■•* i.
where
yif -....a.- 1 4
. ■*•** J, 0*4^ k, , ' o  p)v prpry _^ 4y
- p . * *  p —  ,-22>
Zie fora" (5*1 ©21)'is rasre useful for the ap|Aieatiori. 
of the ~ zfturbation fratkpd described la B&.%) $ y 
it does not 9hosw& , cxhibrs the upstream and dotmstresm • 
•structure- of. the Green1 s function as clearly as does 
(5*1 •X8); and '{5EUX9):e .
(lii) igaritnr/wiov eg o~ (&£>) jx?, 7 M>rr:&«.
■*. -»*c oou.fc.-w ry '©o&i&jLsion (5 «o) iso
(5*1VIS) wo obtain a- Frcuholm integral. ©option of the first 
hind for the .determination ©f ' Cr(pjZ.y  ^ namly
S T  J f ' c & p y ( X ' ^ ' ) ^ l . y C £ e !p) (58i.25)
te-.. V ^ v .* V "T*"
<!■ Ji» Ii5 Cg Cida M ion ■ is ; of the • same fos e*ih»
Eon when the upstream tmjuler' velocity is very
act then the cxial velocity upstream* i*e* « 1
3h is'large such'., that • © ^ ur Jh - Of i \ direct
t *" V
expansion ©f (5 *1*22) shows that
2- > ^  / 2. y  - ■ csC fy) .4- 0- {' |T^J)
Shus 5 • with-' this form&a for --.ifep we . see that-to :v;>£ 
O ($ /*). the ’results of §f3.SD gave the required, 
approximation - for o r f o z ) when is- a spheroidal eurfas©
of re ^Cwdvion*
(±v) gta /iztjijues o? jm. MS -sit-
EcpLecing Q() -in' by th®
expression, (5 *1 *18) we find that as Z..«^co
M,
f  2  A .  V / 2 f ) c ^ £ y / i Lz
- I ^ - C C -  Z
t'.r: ’
t
(5.1.25)
mere, the aspHtnde ,©f the lee waves-” are given by
- 1 ^  (5tle27)
■r-r A,t»>Y?o2' ! ' "• ■'■ ■’■.*» ] ?(S :
,co n .n
;witla .' "p^ s-ySy**» •..,.*•. If the body is Eycmatricsl .about 
- the plane ' as; in. the ease of s spLcreidsi
■ obstacle tnen ■ fir*.--O , f«* s. i, &, -.y H, )
;txd the downside^ Hoi? only contains sins wave 
eospone-nte* low from %(%%}. ’ vo have-..
<S(j},-z) , = . o;  (p,z>:t ef m.{fiz) -y * s 0-2(fy z)
and fron {5.*lc24):'':.it is -clear that ' • CTj (0, z^) 
m y  be exp.~wce&' in,'the 'fora
6-3 f A » >  -- £ 3 ° i ' V «  F. t»; (5-1-28)
/ \ V
iionco an u^csZia* (5,1.26) ia posters c£ ©( A-..4
±;i'Cc"i*^ tiLC *6ei'U t,y tears we; o'isiaia
<■•> ,2 
f  ‘as
r
a * -
( * y , f 7 )  ( 5 a *29)
r
£} A **& ^ Jj . k^i .?•» LH' ^/ ' * &»■ / w « and depend■. only on the'
shape of the obstacle* Explicitly
%  =  J < T o /
: V  ■ ■"
:5 .i.5o )
:a ; = I K  - i v V o l / t i l  - 1 :  i / W
■*#!•■ JpiS (5.1.31)
"(h. - f  £  i/' ai
(5.1.32)
■°i
10 iZd i
(5.2.33)
due results' of these; eompatatioas .ere given i n  
.{&> '-«■?• (A/. for various bodies*
:(a) r;.ZT'B ip^zP)’ * afc.C>3ti^ri«i1W.FiW)r?rf arihfcnitfw Iif^i.Vi m~ -r~.r—UfoAf.cTifraA -■ImiV ■'t1
Itosi eyaciioas (5e3f20) we - obtain
ft e» -~
1
If - " 7 h. - - ) % :~ o ‘ti J :. '■
S, = - f
' *-«- ••§/. 4b the disc ' occuxiylag' the - circular
-region' ('2. ~ p/ £oy# j ^  the. contour C is
iatexyreted as the lins segment £ i ,• end’ the
second -integral In (5«1©$I) vanishes*. Eouatiors (3*5*21, 
through (3*5*23)' then t»ve
f i l l  - ±* O / w  « S
-“ (£tt“
£l s -i£
IStj- *»sW 0 j zs
» .. <, c .  > .. • ^  ’  it , j  “  *■-. “  * v  c '  ’ )  r < ' v  * r  *  ■ * t * •  »■
Bqaaiio&s (3*5*12) $ia v _ (3*5*14) give1
i e 3Q - -e.a> ^
3irle
« *  = I  -,i
/§ jr  £ e  -  0 - ' " '
£ S(i-e?)
"  ~ VS®-
C '_■ - e ^ ^ - e 2-)
<*p *®* imiuniwai**15^ .
S v  f e  ~ Ct-£)??
\Ci) 0ryi'j; oh \hci7i, fcr^ r tr.3c.Afo., et IsrNrfoosl llstsace -JIg 0 “-e2')'?
>-J a
.ISass..*> . is ws oblate.ephsrold eomtioss (%3«2-6)
-..tfcuv -u (3«'3*1B) c -
' : A * ' 'r e> ■ ' > .
. - :  v 3 r f C !" e f i - e ? ^  j
? „
3 _ -L 9  — t e s C2'oLJ k z-ii ,-<-e(>-^ )'-J ?
$ ■*p •** • *«V  ^ JBWHfnteHMni %y
" lilf ' • f v<o) .,' /
■ * u  ^ e u - e V M
jl .-c e^-.e2*) . - ;^ ) x ?p1 • wwnmmmgMB
jSVf T ^ e ^ j  '
Dj,
- ^  S- e. :
IS* Li'l ^  e O - e ^ .
LK;, . • j -* &•
where ,j> ^ ' IB  -the density of'the fluids Substituting from 
{ 5 * l s 29) we obtain .
i>-
/* :+%e\d£f%ir/f&s
• /  ■ li, 1  II Sci?4- G  ,y$
:.M,
?• ^-6 /*^>
wfcsze T, ~  —  ->
; ■■ -  c f c ^ r
T a («») =: V
: ; : ■ * & & ? > ]
CM
When-' there is only ose lee wave ©ompoueat*- .i»e® •< **<
■ we have
> ; v ‘/ » V c r c ' A j i & * *  2 ^ , .  + 7 . « * £ / f c , .
j iriawna / *
’' , s* L Y #
>&'*?). '. (5-
-Shall K] .has ga^ en/fche 4e&diiag. ‘term in this ..espahsicm; ■
when the-obi/uahe is a cisef.' due to a , ^-©aX;slip .his'
result is-.in error hj li factor of So .' We recall also that the 
integrals, -h»&'p$ appscr in the work of Izaeiikei D j ' 
who has given a tmll table of values©
•' finally g we nets that when "-< yytj there
' are no waves in the ie.aictreaa flow and. hence the wave drag is 
^ero.. w- in tho Unit ©t-^ o the problem becomes that
of the steely streaming of a perfect fluid gnat an obstacle- in
fHE UORSIOHAL OSCILLATIONS Of M  msmiEPRIC
IK A 'CONTAINER■OF VISCOUS FLUID
BODY
 ..  A
Oo.^ic^- a rigid body of revolution S 
is iisisrsod lu a qozzllI axisyaaetrio ©oni&isier 2  filled 
with a ./^jwujw izjLO^cs&iblo viscous fluid T  e . 
Suppose the bodj is forced. :to ©seillste'.harsoaically ■ 
clout the cgusgu cr.is of symmetry# In the absence of 
c&to&al body fox ^ 3  *h@ I©vier«Stoke« <_*_-. - continuity 
ccnations ere
\moTe , *A ( W o  , ) .is the velocity fields Pe is the
dyisrslc pressure distribution, y>e the desniiy of the fluid
and fjL the' viscosity* : We introduce the timesssionless 
velocity.- field ' t.), given by:'
where |> • is the c^cixan aagulcr velocity of - >  .., -a. is <& 
typical., dimension of S* 5 ■' "£l '0 c <X£ . ^  t6 «. b/as*
end Cil , ■ is the frcwuensy of §g©illationeo She dimensionles 
pressure P. is given by P-s; ' I© ■ / C_ • 
so th&t. equations/(5*2•!.■) cad (5*2*2) beeo&&
airo
g i „ v
3 1!
W f L  ( w . v ) w  =  ~ ^ P  *  ^ ,
(5.2.1)
(5.2.2)
(5.2.3)
V  - , ir - o (5.2.5)
•uaass : >'• ii - /*•
is -..the -^ vibrational*1 leynolds number ©ad
i? l 1 = ©  2  f *  I f ;
is--the %nguLar®1 Beynolds .h&jja (e:®f «J£uppeli .and 'Brenner D^l X*
v V  ; 7  p  , Ar./ / \. ““ ; a t
ar© all of ' 5 0 }  air hcnoe if re asstme th&i
and ffer « •  i ' then re m y  negleotihe■.fcJa
term on the left hand side of (-5«2«4) to obtain the' usual' 
Slgiiasi-steaays'Stoliac cpprcadia&tiosi. of' the equations of action*!.©
$7 f ; \ ? V
(5.2.6)‘
In this situation the arlnem/Xml problem for' the .detemination
■of the- velocity field is identical he that for steady rotation 
©f ;& u^y of r^olwion in a bounded -fluid* Shis problem, has ' 
been treated for vmiGus bodies of revolution by Brenner D°i- 
Brenner and SonsLmm Uf 0  Eaberxasai tl'ij • Ifattal |^!3j and recently- 
by Snail and 1^3 * latter authors have derived
expressions for the. driving couple for an oblate spheroid with- 
error of G  ^L^ -i ) : ' where is the distance cf the centre
from the nearest -point of the. bomdsiry of/the container © Shi©
‘i (£fc&
forsuXa -when my-tiplied by the tin© dependence factor ©•
.gives the earnest . i w result for an oblate spheroid oscillating
.a.v« J>*. «JV4 «
Since^however 9 the notion is. forced we are at 
liberty to vary 06 /' independently of j> ' so that* if. &<p 
is snail m C  ''K^ - 'is large' compared.with ^  ■ y the 
Xinocr cpiii-onSmticm. for the equations of motion' are
#  . i V -  + V ?  = v h r
at
V. ■£ r O
In this''Situation the- inortia of the .-oscillator 
begins to play a major role and the driving couple required 
to mr/lrrcoia the notion.is no longer is. phase with, the •■ 
viscous. force ■ impeding the oscillations« Isawsi £.1^ 0 
has given enact' solutions for various bodies of revolution 
oscillating in an infinite fluid but' he -fails to point out -
the. restriction on the;validity of the above 1.  tw«.oa#
■. . . Due. to - the ssisysssetrie nature of the problem ■
the only noa-vciiishiag velocity component is the asiiaathal 
-oosponent -so - that we may egress - ^  in .-the' form.. .
' fir' A" ■ ‘ ‘
%y, z>, z ) :
Z 'J ir%
(j3s <i>, z.)  ' are the usual- cylindrical, polar 
ainaiesr Bqaation (5*2«8) is satisfied idenr  y and
£ o 2«'7) reins os .to
■ o y ;  ,. 1 ; ? J T  - J j  + ^ V
p  ■&/>
i-i-t; i40u-!iiir> coaditioB on »2 seacires that
(5-2.7)
(5.2.8)
(5.2.9):.
(5.2.10)
We suppose .that in gwioxal the container- ±q composed 
of the cylindrical so.face .z.%-, m e  L-i-, Hi '■ 
end the parallel eiw ■&. s. t. L  ^ ^  £ t o ,  6r3 
She coundcry. eohdiuxons 'on ?»■ ere then
Zj:Z P  / .&* ** Lj (3 e2 ell)
f / . l 0 ^ f erLoy a  (5^ 12)
• and either
ixfp/i-) = 0 ' ©r §iTj ~ o  y0££o>&] .
7  '3*2, I 2-s-L ' ' (5*245/
depending rhsthor iho,container is closed or. open respectively* 
She second choice crises' from the vanishing of the shear 
stress ol, the free mcrfGce* It -is easily verified from equations 
{5.2*9} "through-(5443) tliat./the f(motion
' Ur-i'pj z.) -: zz'':vr-(fi'z>y -cGs'ifi -
satisfies- ""
' t v  r ^  :7' MT~c.O' - ($*244)./ V 5 . ^
a. ; %  - - and the -eo: ~ ~u
U :  A a » f  A S  £-s ) , „ .
y . - (5er4>rp)
Z.)-r-0: , a 2. e m  Q J
~L) -° , ^  e L», 7 ,
Wr^>,^-H.)cOy:CW‘ 5r°-’ 7  (5.2.16)
-It will be seem later' that in the present forsm&tion- the 
choice of phase fox* $4 in' equation (5*2*14) will ensure 
that the disturbance in tHe-vfluiC is esrponeiitially
■as- - Is:) **^ '.-*0 '• - . ;
We ugh introduce the -Cteeenta' function'. - QC£y£%^- 
which satisfies
( v % ° r )  tzOCyr') S -  %.fi £<£-s') - (5.2.17)
and the same boundary conditions as. on the surface 
O4. vac. so uhs/c
I '7? £  <wr ^ ■:- tsT «tsr ■ \ 44s
\e* £  3n: - . ^  ^
V ■ Wks '
ytoorw to -'Sfe.i) aa integral representation for 
Lr&);"is ■ :
7 -^  f  ->r /  , i \  - ' >* <~/W~*V $<•«*-<^5 j£06d>*@O£jS?y&T,
.1. -/■■ ■ ta,JT » ' ■ -
. y$ ; -.7 - . - ■ ■ c r e l )  -
t/here 7 is the interior- to *0 .and
- £ , 7 7 1  <5’“
ipplymg the bouniary condition. (5*245) we obtain, a Ire'dholm 
u- w0*vl ©qmuiori of the first kind for the- .determination
V c 7  Jr 7£'/r'7T ~| (r(fz.')cu>f 'eiXisj*#, (5.2,20)
; 7 .  C £ & S>y
-. ' ;- -As- in ' - - ll £2. ■&) we may-show that, &(#,£>) . -
/ ■ ' ‘ «
is related' .to the , itial viscous stress- oosponeat X$, 
aoti _ of-the surface of the oscillator, i«e* - ■• /
hence the diaw coupX© '.iBpedliig the'motion is given by
■ - f -a *y 1
w C O  = -  1 *<• -*•* ■«*
’ i ! 7
fg vto o
(5.2.21)
(5.2.22)
•* * * - * > £  e  . I (5.2.25)
■ 7  '"
whe?e C  is -the caafcour which generates the1 surface. S
when rotated through cn angle 71T; ■ about the 2* axis
sad . OC 'is .asi: elenent of-are .on C  * -• -.
Si- w (5*>) we oaasides*; in detail'-the special 
e&se Oi s i.on oscnegator • ana m  a (5 #4j > \2s2ng a 
different for^Saticu of the p/oblem^  we discuss the - 
case of the cliee# •
l i e  recmir e  m i  eppron ^ olution to ecmstioa 
(5*2*20) \ -ephert^ cj. ^T^oe V  s, j^F-s*
and K V 2 si OtO*
The-’msthod adopted is- the soasdary parterlmtion technique 
■described in; ■■■;§ ■(2*4) '
•Since- '-O*Q^?0 - ~ **/*t ■ w© m y
empress -the Green* si$traction in 'the foes
\ ; ^ec lJ>%trsf •
Gri^rv) = e
IX- x  ( '
(5*3*1)
where •'• -. Q 1 fc ) ju-p; is finite in the limit' £ -$> IT.*
She. hotm&ary perforation ogu&tibhs. for the determination . 
of an- approximation for 0~(^> 2 .^  ; - are
. I fJ! /»2-Ti . , „ '...
.i f ,a , , f ./■ , , , . ,
pu»(j>.' -*- ^  i- | 4^ ©  ' gc*4 & ______  &<p d & d v
lusj
”£?
,|T Is 2-f
'o ' » £ - £
, ,v . « . ^ ,. ,
O0 (&J A**- &■ & ____ ck(pd&j
©  vo-.- i r - r ’l ■ ■
c ^ - 0
ana
F  ' rZSr >1T' ^
L0
cpo4 o* C©‘) {*-/£> 0<A$cb
Vo . Jo ' i 0.6 0'b
 ^ r'
■ } -i * 1 1 ~>£< iX-SV/ /. 1
“* T 1 G » £ e  ‘" 7  d<Pcl&' '■ ,
■i 7 ------ r ....•••. a (5*3.3)
■Vo a 0 . i£-“X 5|
C'r s  7
vfiiere q a CT (&> iz (&) -s- Cr; (&) (5.3.4)
4 higher order terms
«X£3 *h€L(Xi~L£>^*0cxi. u0  ^ c © JL J u
xx*Oiii vne i&et unso . ■ Cc* is nor a complex slumber’* lit* sjs .exes* 
-.however* that the *. rsis which led to the solution (3*3*6) 
is' equally applicable and hence ■
■ ^
_  -^  ■ rkt,or r ■' ±
{
£|»I
* F  ^- .
7-S x > £ & )  ****-
k$r 0  -'i-.'&dj^  .
Lnis rc&ure; is ^cm~siest with those g iw en by Mmb D&3
s~ ■ “9
and Ihsw&X IJS j for ib©, tangential stress component
acting on the surface ©f &■ sphere - oscillating in as
infinite fluid® Combining- (5*3*5) with (5«3*3) end ■
'.. ■ . i
performing the p  integration yields ■
# 1  -T ^  \ ' iOiFO 3*-, £  • & > V, $) dO  &*? 
v  i '© • ; Uf>;
,,; . /if , f' fl" . . , .kil^l, !. ,
- 7 >  k )  cs°fi X 7 &; i , ^  - i I < # & * * * +  e- r ^ r  ^  ab'-
a u ° ( c /  7 -  ;. M * .
tx-r 
«■<>>
: (5.2.0
r /'.f f  > ) ~ 2. f t X )  oaow. C p - ^ 1)
tfA£D:
in -we*, enpsiid' .43 | m  ^ @is ox on sarmxtje' series of
• tLS^ U,w,4wc.>jLac.UULiAAaCe XluXO i;Jl0*US « g
‘ "'*=’ c*+0l ‘ (5.5.7)
i  ^ jf diCuSXIG Q belie* ©saS c& pOldu QUi <sX
ssd. the centre of/the sphere.* . ' 7 .•..
then it follows from (5 ©5*4) emd the appropriate .orthcg -*7ity 
■fcrsai&e that
f f * * jf ^
■ 7- ■ v _J. X  ^  I .f^fe^)|VU | 1j £)&&£*{.
. & n i<2*A)r >•...' , A  v^ /  A  *1 o !* oU *&^ o^. o ^
J(X) v , f#il
I j (3©3*8)
s-£2*} / . \ ! . :; : .'! ~
2 7  :' 7  a©'cie|
Stibfftitatlhg in (5 «2 ©23 ) them; ,:gives •
J V
IV - QV%.^' J 4  0 ^ / > O
/ - c  s t c - ' X u )  : (5.3 .9)
-S- kigSffls- £>*«/•*• feftt® {
1*^  f \ f .
where' lbf is "the Cownu^ term is - S# 6*7^  )
for smil . ■• «. •■■It rvL-L^r to eospute the coefficients
8 */( * j 'A ) ' ' end' approximtioss - for the stress eouple-for 
various: containers®, .• ‘-
(i). '
2iae appropriate Green2© fmsotion CjLO CL^>X>
.the .,— diz end from (A .1^1 ) we have • '
■ ■ ;ao o-
ri'd'-- & • t’ ©''s s. -2: 1 7 7  X t (fc'f^%)T(X^w4&’^ oakfw^-VeasSlM k 
n! ' 7 ' *
(5.3.10)
We say adopt a -gisilar /ieohnitpe to that- described in 
; S .(5*■5): to evaluate" tie coefficients S* ■
wo find from the' finite ’integral. ($©5XL4) with 
’ - &■ - *7 U. ~ 1 ;Yk end ce$a s K '/e( '
cxd the Wroaskian reX&iica for the spherical Bessel - functions
B A {«*, / )  >  P y /f*/- - ^ ^ 7
....> 8, fe,A)= «, . ■SfeWX.fl'M4* <*• 
■ - * w & s > e * 4 , w >  6 „ , ^
***•*» /-
v/hero ■ V  are the degenteier polynomials.-described
in 8 (3 •5)'*/ -ho poles of the integrand in this'expression 
or© situated rhe-re .
: ■ I r  C -7) s O
i*e© , 1
7  = ' -  i 7  T /0*
iO~
cr
ihe ’ polos * therefore * lie 'in that part of ©oiiplex K-pl&ae
&A*£ It I A
<J
dims we nay deform -.the caatonr -of integration into the 
MLf line r end ulisx par*s oi the circle--Jo vv - .- .
at infinity'for which- L<v %■ ■ J  ^ ' i*e*
I \ :
ths. asjsgtoiio forssla tor :-the Bessel funoiioBs 
■shove ulicn; ’
j M W  A.-XJ j
^ . x  W  -  <1
xn-S ^)TfA-'•✓'L.H vH. *
Oa :rv . (kS  5 X t;= C ^ X  « * ) *  e. 'W*Ci#
vhsae : G <  pz '&'d g  %  " e M  •‘W  **$
Ceay,
| thBS
! JL i <  1 I
>^X
T^J%) ! I elk}
“Av .• -2{M4 c®ool >  / (v - p ~ a, a tp1u
✓ i V  ) A fc<
0  - •  Gy» *50
a.j.e, .ae»*Uv
- x r
k S % > *  ^ ( ‘A)ikj
- e
Ses
(S. 3X2.)
Sli© charge u C  variable ( t  4- ' f c e a T J :
r e & v a  to the' eqaivaleat fans
,i, , ,_e 3f  f“ k x ^ t t - s | j )  x U itfc# " j5*
$ * t < W  - \±L. . - ^ 7v ., % . ~—  14.
(n~ cA«L>^
•aad;-ftother use ©f th©; asymptotic foras £02? the 
-l&ssell&BibtioQS. gives
ifu
e , „ ) < v . ! V * * H  f r - * ! ©  (‘ £x X J> .
! » n W  ' V  — - 0 .     . j, Klr
>S0 ,s\
/*- a&Aj
5 w-w 4": ir. , - ~0£§^ * She
lateral in the last ez|sessioa satisfies the eoimiiioas. 
wider which we Bay apply Wate©a% L?was aad thus '•.
—2.1^ C ■ “L^. /o') . >*% / V i ?
& . ( < * )  f  ■ ■ I  
; ^  Ca<pxfe
« * * * ? .  .
, « *  C X X )  C X 5 .«£> (5.5.«)
Jhli fvwiL*’ w «&»0 t,-Li)-4b3/
/ . • • r, ■ ' A  *<**>,* \ ■ .
Sjii ©.*4 -li-'j-e- '<Jr5> C i  . 4-ofrXs/
S, ~  ^ 2
V,
F ( 1 •\a
(5e3*14)
I t  follows from. (5 th a t
r < i & “
1 iijl '
prptdaea l«fl' - Xi ~ 
(5.5.16) we hay©
f^arther.; ££bm
<??fo &;V, a ‘). - ~§
*2> ^ !
a M ‘ immg a simla? cvgunsnt m  before
6* ' /v -2.S
'j&t f60 vii .___„• %n- fj% }. «rrrr. 1
H/1 a  '• J.t(e
<ir. ■!0
£0
% .xe w ^ J  Aac.
TsE , -iJ?'*. c (>'
>v -  e. -s ' T T r ^ U X  © a  &  -a x
2.6-ef t i^ Z  f
( 4- 0
f t% m
E m u s ' th e  w s o p  i r s  tils botaaary psrtia’oa-iioa apifficaimssioa '
of S (a.4)' is'. G  f / S ^ v  "  ■ ’ ;..
Consider now-the drag .on the spheres from ( 5 c 3 d 2 )  we h m r e
.60
g i*, £) c e tl/<?- e"" "'5 ...j: K 4 s  t i s t V e g  ^.,,g
* < T r *  ii¥.._i
and. replacing --the Bessel fimctioaB by their equivelemt 
Kelvin- ■_ tc.- ions . Il7l . gives:.
Vfvi^ J- -C©
o ' /„ ef & "' ^ 1  4orsteJxfi'Eaj'4i j
|5 /S'/ «“ ■ * £-- -      — —— —— —
^  f
A C JD (& S ^ i ^ ) 4 r , M , r{ t e ^ )
this lest being the -ecu graotiocl^ for n&ierieaX- 
evFive tion®- Substituting aa. 0>*j>V9) gives '
s v s f e - ^ V 4 ^ t ) £ ( V v g £ ^ ^ )
: (i -*7^)
J I .  e. ^  -.: ^  #(«^u v*o 7 ' > ~ V  '  ^<w
* ^  f ,, | • « - _ — — — — — .— — — - w-^  **t\0/ Y^W*
»*••& 4  A w , C 6 J 3 ? ^ ) f .  ^ | M & 5 * 0
7 “ ^ViieT/i’sTV? /r - »r \
. V-.Qf — -■■ ^  (&.&♦!$/ •
.■'■■• ■■■-'; - .' ' •' /  : A . -fir.' ;' . ..
JL eiiglcr «*£.,, s^oa eontainiHg only.; the doiwnv tern 
in. - . 6 for. large )«&* isxobtsiaaed free'• 
m  ta© form - •
A ?  A s -  ' * ' % * &  xT 1*^0  h^-i)
, ,  X XX 2.3 n,jf\C (3- W A ^  .**CV , e  ^  , ..
■ , ■ ■ i?(i*e ^ 7 1 7
J37xfr -ijajyhr ^
• » > t a  ■ %  • / .
, :'a /^e . j &  ) i -
: t  O I  r%- > — - • • / . \ /R * *i7;\
■ ■ I A Jt£f /h ,V. \2®/ «***©/' NT
In' most cases the above formula is. quite, adequate for 
c~ii— „t£x* the .offset, of the bo&sdaxy*
.Ws suppose that viscous fluid occupies' the
■ «- • $ < i : - „ . .
region z  £ M  a—  taae- plane ^ s L
is either a material.,plane cfr -a • free’• surface. .In the 
first ease the appropriate'Green1 s funstion satisfies
Gr a 6 y m. =>-£ L
- (5.5.1?)
ci~ the sciatica is c$.vcxCti& (A«25). -Itob this result a©
■have -■ ■ .
\ r ~ S j ^ a ^ A c s S ) i A Kr^ &
% IX  k<lk ■1 1
(S .s . ig )
*V " ix4. '■y M I  ' s-.Jt o/v
fliers- 7c- — v-po  ^ — |JC.— oc J
Blmj on identic;! procedure to' that described for the 
.corrcwporaiag elcstodpnasio problem; ©£.§ (3 ®5) 'if follows that
6 * R / ) . - o
©^0 .' . . .
G f,, i  ±
^ ^ w - C ^ A  i V * * *  4  (5,3*195
T h e -  polos of tide integrcnd in this expression occur where 
• t l L ^ v n n i  f *—  )
i«e® ■ - > # «  ■- 4
unus ax as eioar. timt all the poles lie
ana sense we m y  deform' 
the contour cm dsccribecL in the previass ©sample. - It .is 
easily-verified; that the- contribution due to P^ vanishes 
as .before end' that the' resulting-.' expression for 8 ^ /(WeAJO
s>-% f ,  .x4 /„ A _  e  ■ / e  "^ -0  i - p  ‘ ^ -4 a * fe ,.U ,,
0* 1^ * W  * ■ I C ______ X  v ^ 5, .*./®U*
. . w»)/.vt% A i /'■',-— —  -.. a »r-arrrs K<^
4  Jxz+ 4  Al^tJXVta
(5.3.20)
*' I f 1’^
where..' u ' •' - • «• leaking the change of variable
i  ^ .
r"lT", {^-^62') ©ad notang-that
x ■«®"5:’. > — %.u, ■ • \ - f) / %
Qfi&jzti m<L m  2 ^  .( 1 *t* -€»• . -x * —4
we find that waei —  ^  1 s. Ofiy
■ ' - j, , 4 ^  ■
Hi a  ( e i e ^ C V 4 4 4 )
'r'.V'S -crV  ^  | w/ v „0
■ *r ' ' — —  '-- I ■-■md\ J '
taa*? iWiiM 'f&t-a *v § - v;ft •
11 ■ ^
ctSJ
- k U 5 — tA)M"S® j-  e  ■’ ■■! e  ~ . - - „
J ' 4
■ & ■- - / J
■ ' / -6t£a
'•■ 4 0 ( e
(53.21)’
din a.nrexr&rang oy parts- we ooDSin
W &  . r 1L^ C x J  (1|), 0 f A 7
k  fa e) j> ’ — -Z L > ' a^nlSfP/ 1, •«> , . a.U
/• S, MlJ., -W i,\
a^r.t-feagai^. *«••%,  ^+ i 4,4 i/«
S.- .«.),-•* '%. |c‘to *. ' X\
^ ‘-44
(5 .5 .22 )
-*Jz Lf£&*" \U5
• ^  ^  (A  ’ - ft ! ^  —  I
^•v O i  <-«v - 0  t. ,«. /
and hence the error in the boundary perturhatioia approximation 
forh -CT as 0“s V c*j ;s.iS; 0f 5  ( e  - ■ / l v
.. , He & X F - f o r .  the etrees couple'
inpaiiu; the motion of the sphere is now obtained from 
( 5 o3vS’) ©mi .'(5.3®2G) in the fora
,g'"' ■# *• — 60
M ^ ; =  AJ-S,
b  feCw-e”^ )  J0 • ^
.■4- O  t:e ■ . . / i  J ■"■-■ A5'.>-2y)
^ ^ : ^  or replaeiag the integral ;foy
Hole asymptotic estimate forylarge L (0®£*(5  3 V2l);' and 
tS* O  &2tdJj we a— v i.
d> SuJ ■*
"■■■ : ,^ a). -
\T& -2.gre-'!‘iI6-'!).S4 . *2i-t4o
, z e  ’e  ■ J-Sif j. j
Gm -> & o
, . ^ Z C ' -
1 T i i > e ^ | ? X i  y 1 i  . ; _ , b x .  (5.3.24)
Kc;«ia»
D
hhen tae plane ^s-L» is a free surface to 'the
fluids the appropriate Green*s' -function satisfies
The required solution' .is {JU 31) and we have
©o
- -\ A  ox\  , \
(5 3 .23)
Following the-same prooj&ufre . m  before we-find
*04>
0/^4
S  V..R./3-) = J~
2sr** Ju(«> 0 < ) J *  >
The corresponding- expression for the stress ocn|4© is
M(fr).S f s b f -0.(0 J- (3- r ^ - r b ‘S | )  „
b '  -3tr (<-',<}„)' - arC .'^ ’^ i e i X  j
, . b  y : -zJZi-rft
+: 0  { «
A 05 . .1
-ac' J S T ^  ,
(5.3.25)
or
fv j ( j - )«  f K \ b A ( t )
r - b  -zftr/zb-ibH _■;%
b  (3~S s V s~e- &»y -  e  _ b _  i-l'‘"rr J
S’j r O - f i r b - e
4-x.
, - a J S L b  v_.
f  .- e  .—  ■ ■ .)/
€j
' iw r:?:;e: ;. n  vy, " •        ' ~'r~'.™  ■
W m n  the' esc - ins; body is a rigid dise t?hich 
occupies tiie plan© ciio^Mr region (%. a©, ^a£q,U p  
the boundary value problem described - in. .equations- ($«2^ 
through '(5 ®2*X$)'.' reduces to the solution of
V j T  , f i ' W ; - b £ ;  4 -1J4 ^ T T i O
■ ^ p ^  ^  ■' ^  ^
y  /s  r» w /
and cither
ts-O y . i e l - i ^ Q  
X^Cps r G  / _ ^  ^ ^
\Ty3 t ) ; s O
y  -€r LO^ Ipj
*%
■Oi
(5
15
depending whether the plane. :--Zz. t* . is closed or. free 
surface«-. In addition to the boundary condition (5 •.4*2) .
- P* r-** -
we roqy— c that my .- is no more singular thsb 
(i^i) ~ -at the edge of the disc*
We employ an identical 'technique to that used by- 
Will loss/.giSj to reduce; the .problem- to the solution of a 
FrcdhoXm 'integr&I eransiou of the second hind with a non- 
sisyslex kernels Writing \f(j^&s we see th&l
v —Oils 3 «'4«*US arid (5331 are -equivalent -to
If is the Green*s fmiotion which satisfies 
($>.2*17).'and identical cosdition^A5•4*6) then it follows 
;5 ■■(2*1) thatL u
'iir
-Ca, 2v> = 9/>' 2 * K
(5.4.7)
where ' CX
_ j. c § ^  ) -  ? W f  /
&« t  ^  fA=P* ■.
Partially differentiating viwh resgsei to. we nave
■4 $}
sgjbynwg cn© boundary condition ■' ( 5 • 4 ®2 ) and; integrating with 
respects •so . yeilds a FredhoXn integral' equation of the
firsi kind 3 m&elj
} * ■ i
llo
where, L is a eensusui to b© determinede
Brpcssirs the 0reeiasc function in tenss of :
the f^iasiental solution of (5«2C17) -c- an unbounded fluid
gSVAS
!' l r  1 t *'/<?-’ « P ' f l )  , /  I \
e w  »: i {  — -,. I a* * ' ^  W ' 0J
Vv . , .  f  v  (5 .4 .10)
■unere ■
(%■<(£/£')- & C &  : £ ) * & :  z 2. & 4 e)<^n 6? V ) % , ^ 6 >,Kf Ai-
emd . ;is 'finite in the ’i. — « X- “a*3* «i . ■
■ f “s a • '
Till iem (j < <J ..sms choon that when Ot *&*s£ a reel
*'S  -ice !£-£'!
A, 1
. .,— JOvPL—i* | | 1 j
! *e ■ • - | cu^
^ 1 M J?' & J *** V I • «!**> . -’50 ^ 4t o j X \ i -i* •«?°1i ■ A* **.*/&«* ,w
.1 . 6' V \» ' «isK> I ^ «w*^s»
« ■ It! ■ U&td/f'r®*)*' ;0&>a'Ifi'-W1') d U ’^ fA.j ^
j. ■ ../*«• At ' j ■ (5<4«Xl)^ tp. -|,0 ~ tf- y
0
■tesfcj A*>*u» «uLaiU> *&«£»/V* ■irtwiCrfr v ^ « . W  this •result also holds when 
OL, has & negative iaaginsry-' part as required in the present 
study. She integral equation (5.4.9) » y  be recast into the
fora
where-
!o A " ' ¥
- I Pr ') ^ ;j .&***<^  -J© ^h (oiji /&&%) d  Q
. ' . y©
end os, .iaterbhazagitag .th© order of/Integration on the 
■left .hand' side .wo”.find ■ ■,* ■
;..Ge>oL (p ~*S J €>(fi')^ > fc:--.(p‘- '<S~T cl/?dj~
S # (5.4.12)
5
— -*\ -IC'%-/*^ eA t ' % • iy / |iP 8 I
0 y© jp % / » » / $ « / >
It' has been shown hf. l/iiliaBs Dfl •using en earlier general 
result/|2©J that an eouation of- the above fore oa.
reduced to o — e&hdi£ integral equation of the second fcmd^ nasialjr.
S (f o6 (t )~ so C I ^/seLojil
(5.4.15)
d? | jJ J!
f * ,  ■■ ' . J-X A j t $ 1 0  ceJk<< At
(5.4.14)
■f t. • . } f  • v . „ ^  -
L -0Z - i i \rcUl f(^ y^ d (u
: • ;ir" 0 J^ .. ,(5«4.2.6)
i ( a  Z s \ C ^ h
^ Uir y r i S . \  & ~ < r > :7\ (A ^ 1 (5.4a?)V& . : . 1 w tj & / ■
She irdejroI in (5*4*i5) is singly evaluated yieldin
' ai
oid dntereharglsg the order' of integration in (5 .4 .16) 
oil' employing .yarimss - .cases of Sonine9s second finite 
integral -gives . ' .
f  0 -t) ■ . < > * «  - Uo;-“ w
(5®4eXB)
and. isost-.fee no. more. singular' than- -
at' '■ then it foXXoirs tbat d o -*/^/ must h m e
the same. |s?6genty. ■ \ la vie^ r.of the relation (f>«4«'3.4/ we
i % j  z . q  . thus A is determined t r o i m  
> ( 5 * 4 * k 3 )  - k a . the form
A  *» ■:i,,* ~
adk&i
' -4- l' S(0' ji'Le Ojfr) ± L,fi/(r)J*clt
She final form of the aarvi*ral egtiatioa is f therefore,'
Sf/j) = ■pjb&P' - jg.-.!* ci w  - 1 lLo6>t>L,(i,t)jfcHr
" W  ■ <*. ‘ *  . : 4  ;
to,'! (5.4.20)'
P r o m  x m r  ' m c m ^ i e m e  : i i x  - ' S (3«5)'^ © expect that this ecra&tion.
' t f| : J .
is cashable .to' numerical solatioa-when r0^  - Ka~ s 0( 0
m .remrlredo ' \Gace - this solution- is imcrsn the drag couple on 
the oscillating disc may be computed. She tangential stress 
eu-^e ear acting on the surface of the also is given hy
x  = r  B > ‘ d> e ' 0 C  •/■ ■-■S>2L . b
It follows from. (5.2*22) that the' drag couple 
is given by ' ...... :
• i
. r \ fy •'2. • 2 ‘ T* : •- -1 ^  I /j* cii CT'rl /)
iM ilf/ z - bn ,.e . . | g~“~ y ✓
.^ o '
feiiu, S itii'fis Oi t? 14 C!iil.^i ■o.rCwi  ^ *£j- t>JL& j g^XX’
Xt remains to evslunte the -hern©!. for various'
containers end prescat corns numerical results for- specific
c4
a .• hh.cn the fluid - is - unbounded; the kernel 
is identically lcto. It is the.-; ©pinion of the -author
that the .above integral equation provi&es' a fdr none 
practical starting point for - numerical analysis than th© 
infinite.series of ophoroidr.1 nave functions■of cospies 
crgaaent ■presence2 by Zenr/al -.fl^  * ' -..She solution’has • • 
been, doaputed'using the computer, . g r o ^ w m  described in 
ipgcadi:: 0 for values of ranging tfcrcrg i tU.-^- ; 
and the com w^n&irg values for .the drag couple • .;-■ : • • 1 . g -■ )
are presented in the jtig table*
60 : i W i O  •-
. g  ■ .-. -'■ S .  O E f i  f  i  j i l . i ^ T  ■ '
;2 . 4 ;glhi- >  i  i ^HSS
■4 - '. ia.SZi3
"r. • - £ i7 i-S * ^  •£>, W-| is
(ii) _  , “ v. t :: * ,:\rb„. <, •-. 7 1 .
■ When the-fluid is bounded by the infinite cylindrical 
container , ( p - . z & r )  the auuromdate Greenes' function satisfies
-2ir; ' ®
f
u ^  ■■'z. rs> ±&Q e ■ The required eolnciou
is;(Ao40): £&&■■ ■■';• ; .
o&klz-z') ik
•mere X  = L t V s h ^  -
•Substituting this ©s£?esbia& -in (4*5>£2) and iiaterchangiEig 
,ih© uu of the operations: we obtain :-
L , f c o =  k \  ^ 1- ) oJ lc.
w h e r e  ••
l tlp,k) ~ d4f ,
r
V  i 0 (?.v) O b U «; -u-tUd'
caA  :k^
by x-s. second iZlIuc integral* fiitis
i^Ap/k) '* -**z ■ .c#j& X/3 o&H,|cb
' ■ ; , p V  i g M p
OUK,
wh©r© P el o,.! and L -€■ i% s,
mote that as :k ->  oO; -the iuteirgrani' isx (5*4*23) behaves - like
i. *» — *h 0
(5.4,22)
(5©4-®2>j*
and tb&s to ensure .©.cnvergense we require •& > 1 
which*'is consistent with the geometry of the. problem* 
jftBrther* it is clear that a similar reasoning to that 
; used in- 5 \5 k > ) enables us to deform the ■contour of
ion Into the half line . tu^U -%». with the
-result
-.1^ |  3   . - ^
X
-this last iomnt,. temg tno most suitable for numerics! evaluati<
W® liew turn, to the situation whan the container
is :ik© finite, cynmxisr i/»2 ^  a &  £-£» M  j
/
Suppose first that the cylinder is closed at Z s L  *
y
we require the 6r©.eitrs (function to satisfy
1 / ^ . ^  = 0 ' s e £ - a U
&  (/0 X  - i- ) / h  #', *') =. o  . e to, 43
She appropriate solution, is '.(i*2$) and this gives
( -h «4«
W.
^  x,.. 
e "
(f/°'/f/°) ~ ~ kdk
■ A'dk hi.
^  -..S' J o dwj>-y^(&*y>j k,io»$)
h ”
L» tKs-j
-I w  _  , - j„
where'- h ~ t-k^ 'bs ^ no-J > ' /2.L Aaa&i r *^i44yjy
thus substituting in .(5*4®17)»- interchanging--the order. 
of;- operations s and mirj Sosinefs- second finite integral 
-yields
©o ■ '
“ ■-*t, ■
1 - 7* V W  ■-£' 1 iL.» UsXbp ocohk '
?d
4^
4* 3s. 2~- 0~(~0 J . ^  l«Y> c c*. c  vCt(o*&y . (5•4*26)
rt “ “  T ( S . % >
How? ^ oa the reel amis / C> <  j(a^< 
and thus- <^0 A/> remains bounded for ^  G [bp * J ' and
nenoo the ^leprO. in (5«4«26)- ie convergent for ell L > ©  . 
Farther, we nay deform, the contour of. integration into the 
imf line *.,■■ '■ plus the circular. sre l £ described in
f4 .
Y 15©5) —  c wLuSlwr analysis' to that used for the 
<-*> Y& lLo. e that
i :'i ck.'C,’./> dk"&tt. k,{h&) . , . 15.4 .2?)
’ wL ; x, M  4
■>.)■ i %
( L s. l.c J  . •: we. note that -the infinite .■ .
scries in (5,4,2?)'converges for . ik> t . since -for.--large •
va the vm v-. tern behaves like
.. £ (o& tM t) .
and;-: thus. (5,4 ,27) holds for . L>iv &->i
L siuiScr result is obtained for the open cylinders in this
■ - ■ , - s - . , ' 
ease the U w Y s  demotion- o s t i z f y  L - i / °
end the required solution -ie (1,52). : Wa fi52i
L, (>/£•)= { , ~ t  \ ^ > 8 ^  * v
; - • ; - ci’X V
■; t- a  hi.,/? dt| i- d l n y )
f/w i-^ C* ■ ■ J  ■ t s
;, ■ d ( L 7 > ' v  ■' A % 4 ‘28'
i r Y U i j  ,. L >  5 , ! h | * r a n , M > 4 i
ah: g . ~ L v * ^  ~ - « Tp f ism the corresponding .
G - • z*' ^
results ..for'--an infinite stratus: of fluid occupying- the region
2. S M  . p  &  [ ^  J wo *.««. ©Xy the •’
/
infinite -'series-' from (5c4®27) and C§«4e2S.)«
xiX/?<!'! 't
To illustrate "the us© of the preceding -results 
the governing i-Vtdholu iiiUc;oeal emiatioas of., the second kind 
for a closed Cjjixio cylinder <u-w & closed .stratum have been 
solved numsrioally using the computer- programme described 
in Appeudiz G*: Using the nxssoricssl•.solutions■ the- couple 
iiipadius the' oscillations is. calculated for varicur c«wus« ' • 
To evaluate' the kernel for a closed stratum • 
of fluid it-- is': convenient to .revlme oQjdh- L.' i* in tii© 
-iiriaqrcl in (5*4*27) by -
-,. .r ,5If — 2.**L «
ft „ 7&- L3 £- 1-1 ) e  C
xnuccrating term by t o m  then-gives
.©o
/■ e ~ ""d f
. a » i iU V  w. .7?. :;, . yR«r ■ ■
- x  a.u-y a o - (5.4.29)'—  ■. ^  t i p fr^J -t. "i-j Kf  ^J '
■ vaere
. ----. -po> ■ -«* .2**«rL „ 00 ^
ft /.. V -  k L  dl** 2  <*> <* e  ' .1j 6 v<l»* p^aawi-.^iragg) • &<&.+*■$ -
•A> 2. J . ,*«****' ■. . ^  /* 3> , % *2 \
- - IT 1 - . ^ ' ; ( l ^ L ~ k X , )
T h e  - -it©'.series m  isbe-above expression ocar rapidly
for •■K*4C'-2. OCjJ> - ■ £^; L > /  e M  thus' provide an. effective -
way- of ^VvdMctinj the kernel - aocnr&taiy* For the closed. finite 
cylinder- we also Ixve-.to compute the value .'of the infinite series- 
in (5*4*27) • this again 'presents-no difficulty as the series-., 
converges rapidly "enid;- the high order terns nay be computed from 
the- asymptotic- icimLuc for the Bessel functions • 5?he following
is a table of dc atixraGnl resuLts for the drag couple including ' 
•snoee gaven pre -caily for.an ins ^.medium
■ BRIG COUPLE - y / Q  .
K  ,
; L,FillLB FLUID V -CLOSED STEATuK ■ 
'Iv s.‘ 1.25
CLOSED FINITE CYLINDER
■ h - 1.25, b = 1.25'
gi.G
'2*0
.-3.0'
•4.6
5,0616 il *.1697 
■:4v522l v 11.8955' 
4.2492 ^ 12.2948'
4.388p' 4-.12*8409
4.9122 11.1282
4.4581 v ±2.0666
" 4.2856 .4- 12,4657 
: '4.7284 *• i3;OOl4
4.3257 * 11.6961
4.2159.- 12.5867 
411441 + 12.7398 
; 4.6612 4- i3o635
We: notice that the in. phase and out of - phase'
components of the stress couple on a spherical oscillator
i
in an-infinite medium increase as . with 
increasing.- From the' - numerical'results-available'for 
the disc shaped oscillator we may observe the same 
' trend (see'fig; 4).. Further it may be seen from the■ 
expressions:-for. the kernels of the integral equation 
(5»4v20) that,- as in the case of the spherical 
.oscillator, the effect of the external boundarv is 
0  ( , e - '1- “ ) j where ,-d is. a - typical.
- dimension of *che 'surface 2* . We/now compare, these 
•observations with<-;the well, known exact, solution of 
the Navier-Stoke's equation.for periodic laminar flow 
between two parallel planes c.'f. Lamb Suppose
that incompressible viscous fluid occupies the region 
o *21 < L aha 'the-.plane' ' & = - £ >  ' is performing . 
linear'harmonic; oscillations in its own -plane;, then 
the retarding -force per unit area onsc-c.^ t  (say), 
is given' by
Here we' .see. exact linear' dependence on and the 
exponential form of the. effect of .the boundary.
fig.4s'. SFKSS3 COUPLE POE M  IKPINIT1C FLUID.
5.0
3.0
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In this;-■appendix we .derive the Greats nmciicmw 
retpirsd ia. the sain, text of this ■ thesis* These ft. net ions 
satisfy the partial diff'erejiuiel eqy&tion*
t i t e X C z y f )  s-^&-ir!>s - y r S f /y O  Z C z - ^ y k f p - v ' )  :- (Vi.)
Ms uw. evgwcn *T lawnlcd o;wscaaally by ax wiio^x-nlrae 
ewahhoa ^  « In general G£ I& a ? * z l  positive nual sr bat
fia order to nasi the nssd£ ci S \5o2js h (5*3) <-£d *> ( 5 * 4 )
vc an iw„e two possibility innt e< nay have a negative iinagiasry ; 
peri* In &hl cases wo oeJ- the ccltiuicn in cfors'iwhieii '
exhibits explicitly the flee space Green* s fwnotica £J06 D f 9
££*•',£’) = fcofewO *a-,rs;rV> if. ( ^ 2)
-: ^ -y -l^i£“ir8) ■ ■
where Gr^Cx*, a &  _   (JL3)
t*r-ri a
arid £,(£*/ r!> is finite in the-eiixlt "£-yJT? f: /.
ww ras-su (iGiOSias \iii femvaoaoSi of 
when 7: is a eiryiaxr cylinder of finite length w n ^  a
inane e;*uas inolnCing the spec lei case of infinite rwdnss 
;xi later we torn onr atiencicn to the infinite u n u h u *  
cylinder* ' . ‘ a . ■
SLUUei!
wao stnhve . J2* comprises the cyliniwicai surface. 
/ '.' ■ m &  the two parallel plane ends
. ; '/0 elPj b*2 / . heoonposing GrU-ir^ into a
fhnnier cosine'; scricn with respect to . (d^(p) i«e* waiting
.differential equation■ satisfied hy
, p y p -  ■ ■ '■ ' ■' :
e;:; h h :  f ^ p :j['/: ■ : p  1 r
' c jxo\: coLo t^c «ho solution to \£~s) xor \*w*iot2S -bppMaa^r
'conditions on- ike sunfaae * ■
(-) y . r P ^ ± P ~ . k , . . . .
In this ca&o tr@ require
&r ( / * , ^ f i& ^  .tl-
fhiB' condition:;, is,-satisfied ky reasserting
.  ^. .■• "■' ' '.■ . ii ,";. ' &&■ . (; .
: frhfhz-y/
Z L
wiioro
•r’ "'.V’ . I | \ ■•■■?■'' 0> *■ .«•■:«- /«s „ * *
C - V 9 * £ *  /  f t  t  C * . : S -  ™  : •••!• W  . v—-W * , /  v '
. i * ; 5 . -~xr“■ w, *•
IMihmyiny (Lrf$) ky wvJC^v bJ /r^ i- a s
integrating between -I. and L we hand the differential 
.6^
\:Ls:,~0
*v
<- tpi
ikci ikene is n disaonuirMiy of
in
.i MS 
lilt »-*
5p
s-3 ^  inerc
f i U l M f y s y
1 1/5 -k «
/ 1 -
L y
*wVL&VS» 1since tip elf nnst be
© Skis eqmtion iispliss
“J, ■ {S.'4-1,)
; p'. .
. • ■ « , ■ « ■  . s ■
(1.9)
'^"“5 /-■■■■«■ ■ .  ^r ■ *■ •>
G-^ y ^  •,/,»'• ')•’• 1 - i/l =-1 s-o.
solution* of th& bonogeneovs eoo&iicn cor^cspoMisg .to
(i.s) iii’e IS ( crf-J-fojj k v S c r « - K % y , s
■li.v, sv eiAv viif. v f  -•_ ^ W i a  crtrv.:l.cijc ”c . a
C / 1  > ft ¥ > (£._„>
■ .# ■■«■.■. . .■. .  -
£ 1  ip ',/>'* -> =• -  M y )  p a ^ c i o ^ v = i
£ > / ) ;(
So cneene tlst ike sol'dllos. lb clsyle \iincl LsiLnfL
of ilic cj&ltc i?oot is iJSsn res* nlnel
i
€" «. t~'V ^  y 1) ,£ «. * ' 1 4 *c r. i i  ^ - - - - (Aol3)
■ '. i_ v« £j ;?•„■_ . 5. t«X ^ -/ Ui • .• SJie ress'aa
£ot. "inis choice vill Lee one s,osirwii laieSv
-nMynny. .the* cendiilcns (lo 9 ) . ^ . '(iUXO) to ; (Afilj 
cnS (S.tL.£) vc lend
lv 4 i&Kp*) z* ‘*7: /vM- C ^feV i-^ '
•' . *■ 1 1 '■ fi
t
►•il&Of .V *W ■
;.sw:. .; ■,'■>< "' * ■ *V- - -c. h 4 \ T* /f *N•■' '.■'2LV .; •«'««»/ «•*» O .J . j/js w
/ ^ii©XO/
where ■&■ -and-f o?e aste^z&sad £&*©& the botmdcny oonudt:
CXv. . ***“  ^ IbLu^j* W V .\^b 1Aw», £-'■ f-bU* S> V *,£,> VA*,' V,'—A 'v^  0 OiSii *V ’W»' ■«
,. 'Ai?«ro. «*8t> / ' \  . : ■ /•-A S-.A* -«»• ^ • (* *• ^ •M  .**
M M  /-ft- -e ■ s ■ \ \ s. s" ■
I P  yi y - ^  ,
'■l,C^..\-i,*,*ti‘j^  ' WwiisesAiS w^f£- \yr •J *.*» dr p«*e *U^ O . (i- wSjs i*® V Lylv
ike a mmm sclviico- cl [cl no,.
V s  .... = 0 . . ..y ;  . . ;
i/> sfl
m d  by the sons presets as in the previoix ezmpie *co find '
■ '■ • ■•'■■* •.  ^ '
_  £  £CZ~e0 )c&Vx
?.- ? K« (5»y>>)Xt(S«,«c) ~ X'i<W)TK&/) Ictt- M  (a.is)
/ ' ‘ X l V
■Mere end V  crc sush that ■.
X l  t h h )  # 0  f~4 t-'vv»-
(mo ...  -• . ' ■ ■ ■ ■
if mq let i - v  ©O' •-• in either c£ (LcYi) or (kdB) 
thuy mmid&a <€> , she VeeVs it-ietien •
redeem to • ..•••■••
n y , M's «. ^ V  (i^o*) (A*X9)• H iO yi. j r-\ | .• * * .tf«cw ■-•
■' SC t< C V n />>} to«y*<
11 V  ie reft vg see thm the sere resMt hcldc beomse 
it entiefiS'S the pmcieh cifferbnticl ©ruction (h*l) a d  the 
l o a m y  ccmmiom on I s l e  m i  iuntherLo;ms, it;.,, 
mly GtuztSzL im/Sw trmellinp cmvmis Men the c* M i  
provimnp we eckiese tO; * ■ '
e .m Miewmiivo 1cm for («.«,/ $>) which 
explicitly the free space Greerks fimotion &t&(Sj£'sj 
m y  he derived',asisp'hhe mtliod m  omnrcoion of' vs^ i&bles.- 
idem' u ion (Z) /on p:r;o; 41o oh U r n e  V  T/V'&e&use that
*>*.;
%(s>c')= &.
where , Ce is m y  contour in- the firm mwirmi of ’ the
j&ifc y e y t 2^ W i ( H o ) kcl«
V
eomlei: :|hplsne which starts at the origin and is parallel ' 
to the real-axis'at iafimty* 4'*£; mi
.:c a, la Marl Viuiaoh of tie acpzzz mas which. is positive 
a a j m .7 1 cr $;«*.-rcsi and U ca iie rml mis .'.with. . ,
11:1 <  &£ * Y m n  ^ &•}'< ° / ^o; can ho
coincident with the positive real, the addition. theorem
for* ils M sec! function sailer the' inieyrcl sign gives
- , “><•; tS-sr’i «  «•«-. „,'v . . .»_4
iS‘)!,; » ^  - <£* j -M „-c y*~^sfo^ (A»20)-
w -t^s.© ■■.■■;,■■ ■ ■ ■ ■ ■ ■ : . . *
ic-gi
vAc-vc z')- j ^  w. W - v  —.■,{.*•?) »»citc .
• oy v  / _ _
Ho'..’ IS is  c lesr cScii (A .2) that <r i T - S p  s& ti_
( M W L  < ? , ( £ ■ ;  M  -" o  •
^  . | ■ j, %
azd (£, defined- ■ sy ,
v r  i
i t , ' .-/v*Vj -- j ^ , t e i £ i ) o © s v i { f - i M a t  
V ' - ' r / - '  a s j ■ •
(A..21)
SG.trciaer
r r  * a  - S m  a =
£.3 / "  V ' V  /” 5 a
la the light of V M M  a suitable' sejprated _ of .this 
eysstioa is ■ :
; f- , ■
sea 1 /s r»* “ m m a  vr li 4*<» y ■a^ yssanwi ilpf tocst-s 41*21}y/>. <0
where 1 and 3 we det~ , ared by the boundary condition on Z.« ML
 ^ v, required resu lt is '
■ - ’1 - *,>s j V ' V w m  m
e g  M i S  ( & . Z V
and 1-Ms s/e c y  identify the two possible forms of -
:V ■
the ooluxion for V  o& t i0o*
in If &.-$;&) aianffMfy V  CnMu) W^t£:41) kh
■£U>(2-
V ■: .*-««*«. ,. t»it§
»£— M  | ',. V
t* '‘LT . «-> ** S < «L W» « -/ *■ «d* 0 (fvi?) £*&& (iLXs) in the nor© ' ■ • .
eomaenient forms
& C s ', S ‘) s e "’M  " ’ V £■ e £  
is.~r,‘t
where for (Ml?)
*• ^  -
L c V U mLK.) Ml ~. MlXfehlV mfM33kcl^9 IriKf
lV> a/iULL
provided hr, i V i )  h  O  ; 6m e g  W  ‘ ' * .
Willi ■J.OT’
■ ■ /.,%.- • ,r /•*- —/* jLv& i .fj ,. *. ■“'Aimar* • s*%m , .%
pf’v/ - _ , / <jh m  £,*& M M C ’x M y M  ■ m'aMvLM w.VMw6t%>/**..;
'dCv -
^  . , _ / . . .. x ‘ y /r *\t»’/$, fl\
±  Z  ■ M  LV£lv 4 mL; .
y mil ..■■■■■..;■■■ ; 7 / a i c ^ a
m‘c?vie.E;d 1_A 1'--.-. A ) W®.
Applying the s m  techniGues \:o findm
'" )A- . A. vj-•■-V' ;/
. vj£. a  ■, -.: ■' (A.29)
e : > ,  ! i i
c-y
<Z~~ i £  ( z ^ Z ) o ^ X - ^ 6 ^ 0 c ^ l Z i C & H Z X j S y p M & p Z i G t t s k ^ Z d s M Z - P i
i - ^ y  y y   < | U g & . 3 - r j n j
■ £ ' ' ■ • ' (A.30)
» M e i  W  W * / , - )
*•<• • a d  ^ cj>i *i 7S^k»- c«iv4 Msig :.©<% ■Wt2,“"|s ,
,  , A _
' "■ V  V 0 4
V  f  |  l a  a m )  -f* ' V  m - M ?  ^
0 <* LL (£.31)
V '  — O  *•./■>-!*^ V  G C“C £
(..g., | —'■- 3 ,. -■ V -1) I ; j l ■-.d'/-J ^£-■■•■ -
oc. k i a
_  £ c  a,'. 1 , g<-c m  i j s t* o ‘Cdl..p) X, £ 1 7  a m
■■.-■'*’/ . / -“4/g
:■ : . ‘ ■ ■ .
I.hmc ZU - ^mvOvr/ML £ /
• '•■ ■ £ ■■£•■ ■ . ■ ■'■ £ •■■'■• „ ,§. ■'■£■"■
ace a, icm m  «£ V  > W  drc   j
M l .10, , t M , #
L  { , *v(.£.e' - - -:-: • v ^ o l  W  m V v; ;:}Mg
Je * *f» «*«*>* •W 0 . * :V&- # ■‘fL»
;: ' . .■; , (£.33)
a 71. e-„ 7 m . M. . a. V  , M f;  f!] 7 : 6  V  :
»,,v w,.,. W „■■-fc *«*> .-m-vt, -  j  1 , W ^  ^ L J  y T  M L - l g l *
Li X.-.£ a > ) v 0 / m £ =©,*=%■ x
whcm .ho,;.is the ia f ia i te  cciaretLlLr ©jdiadev
*-> ■ „uv. ,y y. w  i.>*t4®*S»4JUl»KiS V- W  'W Jt—ajUfj^ g Q W  WiSASS -* i !. W \y' £- 4=*il  ^ iT-
Lviw’ X'K-r/j^L^vtxoz (f «£0) dor tic fx^c Lease
is ext c\iii«:hie dor eatieiyarb; bo;aiiary cc^ivloss
<u f* aa£ ro^iLsradore, o e  £& a ltc raa tive  dora kaoin .
-lg dhc edified wo^ arrdfcli Lratojrd *1* i®e*
~,ce
r- S  ( i l  d d p y  c ^ k t e - r M k
«€>
whore dor real a ^:XX <Xrto*or clove tLo branch'point 
io vaoicrsvooi t&a X is dcfihsi by.
1  -c £;:'V-;aj 4 - •, [ a - n ^ ' o  ( k <«••>
1. cl d i a i  D  ^  *>ya ^15 it 1^  -eXear that the ■ _■
nvxywl oco/glvlg few ell vclaes of &--• UiCcU $ 
!ii; i i  ocrsv vaicirc to rc -i- itc  U *-54) S» .the fcona
£, (v; r 1) - r ! ^  ^  ^  - ~ ^ ) w
v«.- . .
v^ero -& is ceiiwed as cc-dorc* awd id S(«cj <  .O, -:^ ■
a„y be ooiweidciii vrith the real cais „ haw vhe wddiiaoa 
uLggvcw her the b c ^ e l  ieaovion \ff© is U i  ■ . '
VCv {1 V pv:<;;* - «-y ( £ - /CL3 L £#“#*) K* ( 1 / 1 , ) C /
awd hoiiae using a eiLhhcL' notation-as cedes? e we lisve
\*c y v - V v W -  v tX
In the light of this result an appropriate oepersted;. 
s o i L i t i c n v  o f  ( h e 2 3 )  i s  ; . -
It is clear thaw 1 c‘ then Gds.ee k^CSjt%) ^ 0
c.z 4 £  i *-y o  then >'■£!/• ■“*•' ^  as is-i> ;.
sealed casose.X;'. r dYs leer \ sen <K. is e-cel ale Loleslias
w  w lv wo e — : ~ ^  s. ol u-eVol „w j she cl— .- w~ 
eyls. 'sr ceey iron the sins e - .' sas 't
-* ,V 1 ^ /  /*~,y " / \
— -:- el. . yiVw.wL ysalss
fc.-v ... j-j;.= S-f h lO  XA(?.pi..;s:-^l^ik
•i *rj~’ rJ ' “ * a  *% ' L ■ ■ ft
. ' “  — oc-s/ **•
&&•_£-~oJs.Sa
Is this- cass
40}
Si- , i ,%, -zi — :.:'HO.;..-S':" 1
' V0 . * ■  ^. - . -  ^ . . .  -
(iGS)
iisedlii?' ia3 tipvtlatloss' of those-, rsemits ■. for relevant 
Vola^ at ;\ is see sad; .1, is al.e s is sciSo
i?* w  ^ If x j ■ x**£ \et%±-i vutii.'rb G  Ua*3 «4.i-i^,\> *JhLd/ ■ W«iw iw'ii-i.'.'Ji vrfa lit G-m-'v.* ajsyie
f- dp  ^ 1 •r&<u 0 ^d/ V v  yki» C«h *■&» CXm* *-•}» ^4^ t/ ^b* ^ i 4*
• • •• - . &  V.
W fcf f &»£(&: tiki&3 «S*L Oi# 0  ^ 'O' «W&rfLt,£~ <i* W '^h> 1 ^
-^4 i
X>4»
. V ______ w l  „ -  ^  y— , o  V.
.■(3V4:) ncni in te g ra tin g  term by ta m  v;&- f in d
; F^-.. , .  ^ , t .
■?> f  ^ . ■,A>) ~ 1mT&£ * 4> {?* fA *™ &) «^c» {. £**,%&<%■&
'"'Y'f-' ~ ■ 4  7 ■ ■ A \ " O M )
he :.o’/ uoe.an iriiLnite integral due to yi
*co v agreeo ,4 ( f  / ^ xj  an tlie loro,
K J f s / ) -  \ f ^
0© 'J:e>
again Vtolny (1 *3) hive
. .^ ;J0-- '"■?■■ "'■■'■ f X ', - '
g y )  = a,-; ^  ( £ c 4 ^ V ) o ai^Wi'yj*u- (Bo?
a
.Xf' c~x.r.„g \c f*.m ~l Lwoc^ .w m  .m L«m,w->.w-» in*./
-•■ s&^vS,' t jL,
**-%• .gj .*! C> ,A* V j%, * (* *4 0*g, i*J££*££8&,S (v^»%si<S>'-'iv»» i»* '-'‘>0 ‘S ■*!?■.- ,\ . * ■mmm^M ■ # • "'»■ J
(bc.^ > - (B*e)
nyan.o r *  >' f  j  ^instituting r&oia (B«&)'with £&&/» "•,
mo (j,7)& mocmhayging1 the. order :df integration
■'Jf- >/■)- ““ i y  g y y m 1 a n  m  y y e w y
n  a y ' "  . \ . ' e  y - f *  :
~ ~  —  w ’> imy 1    um^l \ -iny a •
diseontinnons integral. m m  to 0%emmor
naasey '
udiag .ilio resiolt end r.y;:ng the elnygy'o^ variable
v :.- v.y uh'.n„ ■ .';•.
r a  -ft) = a  !’' ^
/y2* - •'.• - x&S)
C
^
O
Jh'Xy men f  m  fxa.l in - nmole en^ wgt m m
. r
tm- upper. Xiiali or tne nntogrction in aor yO • and thus
Gs©e£ W C6t? ^' cinr
/0 ? -IT
!Hie r@snlt .(B*l); no*.? foil ore
sad :..(B*10j©.
nx^ rmiliv.bo • ..■’ ■'■', ’ d d'
: -I-*d,dJCHBS,-• p.,.S. jProcd Case, Phil. Soo. 61 (1965} d •
2. UAlcCCl, G.K. A Ireiiise on the lloory of' Bessel' function's
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goypi y o? aGiysiHaUio i r ; yo:r ibihd. - » g ■
cd did secpcd uiih caPirA yz«jni
i'his appendix describes a co muter.- programme ■
'.riitm in the f:i.C.L. '*900 rOdd.ud 4 programming 
icmjuaye for xhe auuerical solution of. non-singular 
I’bocLeiL: irrccgrui e cunt ions of ids second find.
Cncsc ecuutions are of - the-' general .form..
A
•da) = c a )  d  * x c - t m -1 (c.D
vd-;e dn) eud \&,\y me Lm... mgalar/functions in
the iirixe m o u u *  mu v6£* is. the function to 
tc dcxcrnintio In d;C < *c. .|t(s£,u) may be complex .
\alucd functiono of xnc u d d l e s  X  n i  e . -. xj . ■
duo rc-tuod of solution. employed by the propnr-jv is 
duo Xv* i’ox ctiu uocd\m Lfjd'
ihe inxcprai ccu&tion- is.reduced to a/set/of n . 
simultaneous linear ccucuions using' the trapeEoidal - 
rule for a nc:iut: iri^rmion so that for • \\s-
•?(&+> k) ~ t M ^ n )  •> 4  I,Itk^ *rk,Ctj-Hk) d KCm^d.>d--)d(4*) f
• Y IT. d  }
S~i
■ (fft &,'\ yV-.-/*-*)
nhere/d,.wr. >r_ correction term. Expressed"in matrix
where £ , v &n& &  am the eclunn' vectors . with elements 
vfetny , /-Ws ( V* sO, i j & ». .-‘jtfi-fJ ' :'and .
is tiie scuure natri
-■ /
| 1 ~ I  k lecu , a) - k k C^J a d )  -
~~i l\ U i&J k j 0  s - *£ k U
dtH ie(ddyV/ ■. - v
*~4,n k j 
P~
i
-"he i. etliod suggested by Pox arid Goodwin is to 
.'solve successively the equations'
;\ ^  =: c“* *“: ■ gg
■ :•■ r£*-) ' v ■*• ■ dd^A
H v *s. iv Pi I *a ) ?
d d -  v a, f - v ^ '■ .y... ■ • i .  »* £„s- \««.-
where the find solution is given ’by
ana the t U\ ' element . of the cclui_i reeve: 1
is given by G-regory§s finite difference formula
A fe*° _ /j., v?' -vi y  +15 \-'l,--)k(ar<-Kg-)-in .
- la ' 2a. -■.■ t*2d ; . : y
■ .(W-i)
i  P i  f  -  f, a +  g  y . - y  k g y  g  L a .
• 2 '^ • . 72©'f
'Che d^vcaitage of this formula is that it does
- C * ,. .. .
not involve pivotal values -of ttx) outside the .interval 
* ■‘^ ie -access of tie iteiwlive process described 
-.by equation .-(Co) and: (u.d) depends on the accurate 
,solution of sets of linear simultaneous equations with 
the-.sane coefficient naira:*: L vkieb'is in general 
complex*-' uc tits end"'we employ a subprogramme 
,-M?40XACSLH fro.. the I.C.-L. vyCC> fcientific Subroutine
•library;4 •-.•:• -lias routine usc.« the. Grout factorisation
method and iteratively -re fanes the solution vectors ■ 
to: the working accuracy of The machine* it-also 
.provides a special re-entry facility for by-passing 
the;decomposition of A for each set of equations after' 
the first* fee iterative procedure is continued'-' 
until ■ > N ■ * -5'
r  ; y w  > ' 7
t f" i ' .v.„Kk)i. 5  <  e ;
where c as specified by the . „a,.
THE CALL STmBimT:
CALL Fl2S0UA9B9iamFL,FBEFS^,Mai,JJ,K,FSIljmj% 
Fiysai5-AKyiahB?MiyEEyBly;ElL7yASa:ySYLv17ulf
.BbhCC) .
where A5B*AGO are real variables^
■ iS'Bal^UlkIT, II, JJ are integer variables
: 19SMBLr]?BEHTf are dummy subroutine names
;■; fSRf PSl-iTR, P I, GHf '61 ,/H „ AI, AAR, AAI»BBR, BBI s HSBIl’,
■ PAR are 'real :one-dimeiisional arrays 
and ■ K is a tud-diteeiisiOii£l complex array* b
i:he miser must set ibebfollowing variables in ■' 
the call statement* ’'-bn b ,.a-
A ,a
B . S - 0
S  ;s.. n ,b .
M- £ : 2 - ' n ■
lib s? maxitsua-.value - of n
O a- ,S maximum value of;- n '
: - ■ V -ISxMVbso 1 if the kernel is watjzz eiric
., « 2 if the kernel is an-; vr.eu function of ■ >.
. .-.-st 3  if the kernel is symmetric in X  and
s- • 4 if the kernel is skeW-symsietric in X  -and u -
' v' ■■...-■■■■■■■ ■ ■
b: Choosing the .-correct value for ISYlk can save a ■
considerable n:cuni of computer time* For example - 
in-the sccwu care there are.only n independent 
values' oi the uemel required to calculate the. matrix
. '1001;' s T. if the user requires the result of 
each iteration .to', be • printed,.
- .0 otherwise
= 1,2, ...» t' IF are set- in. the; calling 
programme to ..■■-'the -values:-of-any : honiCcnpX required 
in-the-evaluation- of the kernel* p PKE must.appear in 
'a-. DIKENSlOK. statement with ''dimension «, M. -\
KSMBLnis replaced by the name of the, subroutine 
for calculating the value of khga) for any xytj 
ffhe .subroutine;.'Is supplied b; Vue-.'user and the, 
■SuBH0IIO?lHE ■ statement talter t~w rofm
. ';;SoBIt0lIliilE IUrd dX a? Y5PAIljMsUf 7) - . . 
vaiere M ::is .the;-dimension of X-7:v>-/!.'• -are the input 
.values of 5454-and U?V are the r-ai and imaginary parts
. \t) ■ ' ■ •v”
- ox • - • ,re s p<s c 'c.a v e juy -«-: ,.
- FREEi fibreplaced by the nave -of the/subroutine 
for .calculating the. value, of \Xzc) for -.any. /x .'
fhe SUBii^ OiXIE: statement for this programme'. takes the 
bfora g h/g . .
S v T 0 a ? i ’,f iv ;.A-{;h_/v : a . v )
.where X-„-?Al{sh,U,V. have a,similar interpretation as 
f omm'hajj,
. the■subroutine names replacing KFMZL and FESEi 
must appear in an EXiFEHAh statement in the main
calling progr«uaae*
' lFSR,maRiH,GE.?GiaBHaBIaElKir mast all . 
appear in a MFEbSX01 statement in the main calling 
programme with dimension - 1 1 *
AF;t A.I, hire, Ail bust all be.dimensioned in the 
calling programme with dimension-. ~ :JJ.S . '
K must appear in a CgLPIl'X statement and. icust.ce 
dimensioned in the calling programme with dimen si ciis -
exactly - II x-;.- .IX. tgt •
AGO bust bs set to the value of 6 in The- call 
statements, -..
IhdliniS ■ :;r .
Ihe real and imaginary parvo of ^rOty at the 
pivotal 'poirrrs are- returned Lu *cho one-dimensional ■ 
arrays to --.an- ac e^rucg ..pacified by equation
ah)) if and only if.IT i?„ al ,c returned with the 
value v. 1.
If vn.r nuvrix A is-too ill-conditioned to give 
a reliable 1 -at solution'or subsequent corrections 
to the solc*T^ o vhen the 'current values of FShj?SI 
are returned -. and: If. is returned with the value 0*
Fox and... Goodwin suggest that this may occur if the 
number .of pivotal values is too largo, and in this case
tlie user should reduce *n*. andtry again. If the. user 
expeexs a rapidly ■ oscillating deletion for hh) tho 
finite difference -. correciioi: procedure >111 fail and . 
.this \dll cause ill-eonaiuioning. ..
If the wr/Iriu i is riryalcr i w u-.ution is • / 
possible by this method end If' is returned, with the .
■' value 1
If the iiurfoer cf iterations is greater■: than 1G0 
. the progranase -"returns the current approximations to 
; theVaoIution ./end'.the message
■ -ta vh'd-nM.L i..; j.h'" d?'fh ico vsmArm u s ti
■'■is printed. . ■ . . . , . ■
hlMREHGBS'- ■ ■ 1 - . |' : .
■ 1'. FoxtLv and- Goodwin*. Bvf *, -d.ll„ hransh Hoy,. Soc.
■ 2450953)
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the fcl1>, lag is a listing -of the subroutine 
'programme. Hi21^1 and a ,sample solutions
z&o
.SUBpOHVtWg p r z S O t i A , !  ? iCEiWE I  ,■ FRgET.fA,  NAaI  I * 00 , Iw FSR , PS I R , f'l f 
■ ' 1 f  I / r A I , AAR, AA I RESN?* PAB*K* 5 SYMr 10 U V t ! Y /ACC) .
c o h pI-.;- K(.n^i)ii):U^F,L ;
,> •« ’ ‘ / - o ' ) . vR(. J J 5 , A1 ( J J )  » AAR< j  J)-f AA'l ( JJ )  * PRC n  ) > p? ( I D
r ♦ r*"" r, > , , , 4 v i (  r iy> -6  8l< ( I 1) f  BB! I I  i ) f R El  NY < I 2 >.* PSR ( H  > » r-S I ( 1 1 3
, , ? /  i u  « V* “  , >
«♦ . f<' * r **» # * ovo . :
60 U«A»»H '
c. ■ :/ ■.■ ■ a- ■.:  ^ -
C UN'SYKMETiU'C ■
€ ’ ■ : .  ' A.A'. ,'6 / • ; . :;-.-. . •'
0 0 6 1 1 - 1  ,N ' . . : ’
Vj=A-'H:.. ,.a ■■•6; ■ a : ■ '
fj = u*H ■ ;
T>^ b\ J~ * ; K . ' ' '-n A ■ . ■'
V/sV
C L L t ta u . O. f ’  ^ ; II ? V ) ’
K i « . , ) E, V '< < n c C» , 1 . -v * ' J
• 6 i  C-V! r i l u£ .. . . 6 ■ ' yO" A A;A 6
Gi;, • « . 1  :
'■.70-/U-. /■ . :A
t ' :
Co ■. . EVEN:. P U’N £ T 6 0 H. ■ 0 F ( X ^ ¥ j ^ V ~ : ' :  .. ;
C '
C A6l; XFKW6 6 (6 f. AO P'A&->.K.?-<6* V)
6 <1., 1)  <0 * 0 , 1 *  0 )  *V ■ .
0 0 7 2 i - a > ! 6 : a a '
AC j i 1 A »* \\ v a ? i /
U«U + H " A V ' 0 - ■
CALL K6R6a L(UaA,PAA,M#K?V) 
v;6 A , K ( | 11 I s X *  C 0 » 0 11 „ .0')  ^V ; '
.Hi  -  1 *%'. .
■■:;:.AA: srlHHA : ' . ■ / . A '. ...
■ H e -  ,i M I A 1 I
H':; ' ' A ( ,| rB2 > "s'K'Cl t  J ) ; A : . ■ . 'v . ' .
, 61 K \ Ai L i  ? i )' ■
' ' A ( 1 t 1 ) s A C A ■? A ) :.•:■■•. a.
76 ■CUHTIIAUA
’ A i ; V , r |  0 . 6  ." '
60
€ ■ ■ OYAA-evOiC : '
■ f *; c
\fz\r ' ' .
AALt .  At AAAL CU J j f ? AR0f4/-K.? V)
■o 
o
' i: c iTiTs %Tf oTf7TIT) V v ' " ' .
r 4 T s v ^ 1
' ftOcH m -  f U ■ ;
. lJ ft  ^H
’ / U„ 'N 1 '* , - *HYX*Y5 " " ■'
,. C1 , J k * v' i o . t - 1 . u) * y
t> *» K % w i & } p. % * .■ t J-j. .
c1 1». * a u  fl fH,x/y>.
o m  . < \ m \ u « 1  t  \  . * j  5 **■ Y
1 t;; ' <1 \f u
-°o u**a«h ■ o 1 :
. : . SKEl i  S-VOHE TR !,C 1 ■
. ®H '■'■■ 1 .". ¥ ;
. D 0 9 i  2«io?*h ■
. U«y*Hi ■' ■" ■• "'■¥;" ;
V«U ’ '
. r t f  , I > - c 0^ 0.9 0> O>; 0¥¥-:: ;v. -  , \ v ; ■ -
. 000:1 J~M1 0 N ,  0 - v; , : :
VsyaH
CA L L  ' < L ^ v L L < I ' , V , ? a P , . M / X  . V ;  :' Y  V  
K CI  i J ; ft V ' C f>» 0 ? 1 E 0 )  *  Y 
01 K.<J>I>=“-rn,J> :
- *U J4,frO a < C;, 0 , 0 . 0 )
ioo .fcK=vN Y . ■. / :. m
t i m H ■■
0 0 1 :! - 1  , : ■ :. '.
■ rS R-C!) £y e 0..
’ L S ' I A D ^ O . O ' O  . .. .-•
. KA^AKO* N
H .".. . 0
. c o m  ; ORE' tTAU,  pAk m  m  j ) , $ T ( I >9
uOi'j-v . :
L"KK^J '
' m / O O m m m o m  01 ) > ■•■ 0. ;
1 ■ A n i ) = - H A A I H A € C K < J # I ) )
0 “ ' * *' '' ' •■■■-.•■ ,: ' - '
-. f . ;  : 1 , !<
: Ak<0O - A k 1 s  ) / a V m  -; 0. ' .
AFC i l ) /?.,(}
■ L s J •<-’ I
A A < L ) “■ A L 1 L ) /  0 . 0
■ M  i i ) m e n  /o, o :
t... -  1 ;■■ i I ■*" 1 ) 1
?' A K 1 L> =1 , 0¥A OC i >
C
0 LOO: -  0 0 0  01,0 0 0 1 6 0 . 1 1  THO; ■ : ■
0
i 7t:A“0 . ■
? X £'»
k ' . L ( AS , Al. , OK .. 01 f N AHA f-U #AA7.R *> 1 ? !>R * D1 # I D ? 1 T ^ A S  , A A ! , .' '
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